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Chapter 1

Electroweak Interactions in the
Standard Model

Standard Model of Elementary Particles

three generations of matter interactions / force carriers
(fermions) (bosons)
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Figure 1.1. The Standard Model of particle physics.

Whenever somebody asks questions like how many particles there are? How do
these particles interact with each other? What are the properties of certain particles?
Are they fundamental or composite? What makes up a composite particle? How do
they decay if they decay? And so on, the answer, as far as we know, can be found in
a theory which is called by physicists the Standard Model (SM) of particle physics
[26, B3] [60].

Loosely one can think of the SM as a Periodic Table for subatomic particles, but
the reality is much more complicated. In some way this statement is not completely
incorrect and, just like a Periodic Table, the Standard Model can be summarized in
a table like the one in figure . However, this famous table is deceiving: it does
not show all of the subatomic particles and their antiparticle! But for the purpose
of the physics, particles and antiparticles are much of the same in their properties
and their interactions, so it would be redundant to show them both.

Although this picture is very pretty, some physicists have a more pragmatic way
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of presenting what they call the SM, which is as follows: the SM is a non-Abelian
Yang-Mills theory whose symmetry group is given by

SU(3) x SU(2) x U(1). (1.1)

Equation eq. is what we call the gauge group of the Standard Model. Mathe-
matically speaking even this sentence is not very precise since what we know exactly
is the Lie algebra of the SM. From the Lie algebra and the properties of the particles,
we can infer the precise Lie group of the SM [8], which is somewhat different from
the one in equation eq. and is given by the following quotient

SU(3) x SU(2) x U(1)
Zg )

su(3) @ su(2) @ u(l) ~ (1.2)
Yet, this is beyond the scope of this notes and we will stick to the mathematically
imprecise, physicist way, of equation eq. to avoid any confusion.

With this introduction one would be lead to believe that the SM has the pos-

sibility to answer all of our questions but, unfortunately (or fortunately, depends
on who’s the question being asked), this is not the case. Many questions, both
theoretical and experimental, cannot be answered by a pure SM analysis, and here
is when effective theories come into play. We will discuss effective theories and how
they enter the game in the next chapters.
For now let us focus on what actually is the Standard Model. In this chapter we are
going to give the basics upon which the Standard Model is built and how particles are
described within this theory. In the first part we will focus on the su(2) @ u(1) bit of
equation eq. , the so-called electroweak (EW) sector or Glashow- Weinberg-Salam
(GWS) theory [25] [54] [61], carrying the name of the physicists that theorized it and
consequently won the Nobel prize for it in 1979. Then we will show how, within this
theory, an incredible thing happens: the particles that make up hadrons, what we
call quarks, can mix with one another in a way initially theorized by Nicola Cabibbo
[13] and then expanded by Kobayashi and Maskawa [43] (the latter two winning the
Nobel prize for it, while the former sadly did not receive it).

1.1 Basics of the Standard Model

For a more in-depth analysis of the contents of these chapters, there are many
excellent books. Schwart’s [55] and Sredniki’s [56] texts are, in my opinion, two of
the best and up to date. For a more experimental prospective, Peskin’s book [50] is
optimal.

In the Standard Model there are three types of particles: the matter constituents
called quarks and leptons, which obey the Fermi-Dirac statistic, and the force-
carrying particles, that obey the Bose-Einstein. In nature there are four main forces:
gravitational, electromagnetic, weak and strong force. The bosons which carry these
forces are given in table @ Then the last piece is the Higgeﬂ particle. This

'T would like to mention all the other physicists that, in some way, worked on the theory of the
Higgs that are, most of the time, going unseen: Englert, Brout, Higgs, Guralnik, Hagen and Kibble.
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Table 1.1. Vector and tensor boson carriers in the SM.The Graviton has not yet been
discovered, it is just theorized.

Field ‘ Boson ‘ Spin
Grav. | Graviton 2
EM Photon v 1
Weak w#+,20 1
Strong | Gluon ¢ 1

is again a boson, a scalar boson, whose interactions does not come from a gauge
principle, that through the Higgs mechanism [31] 35, 37, 38| [42], after EW symmetry
breaking gives masses to the various particles of the SM. In table the main
properties of the SM particles are given. With all the experimental properties out of
the way, we can concentrate on the theoretical side of things.

The basic SM Lagrangian, before EW symmetry breaking, can be divided into
five main pieces

ESM = ﬁgauge + Efermions + [’Higgs + EYukawa + £Theta—vacuum> (13)
wherd?|
1 w1 w1 v
£gauge = —5 TI‘ G/“/G - 5 TI' WNV W - ZBIU‘VB
_ ! SGZ’LGE““’—1 3I/VaVV‘“W—lB B" 1.4
- Z Zl 0% Z Zl 77 Z nv ( : )
a= a=
= . R . - d .
Lermions = Z ZQlLlD(Q)QzL + Z ZU%E(U)U% + Z Zdi?lp( )djlz
left up down
quarks quarks quarks
+ 3 il p L e pel (1.5)
left
leptons
2 20 1712 4
Litiges = | D, H| +m?|H* = Ag|H| (1.6)
Ly = Y (QHdY + dpH'QL) + V7 (QLHuY, + QL)
+Yi|LiH el + R HIL] (1.7)
0 0
ETheta—Vacuum = _W&,uupd Tr GMVGPO' == 3272 EMVPUGZVG%U? (18)
where we used the convention that italicized indices are the SU(2) indices a = 1,2, 3,
the non-italicized ones are for the SU(3) color indices a = 1,--- ,8 and the fermion

indices are to label the three families of leptons and quarks ¢ = 1,2,3. Moreover
we call up quarks the up, charm and top quarks, while the down quarks are the
remaining down, strange and bottom quarks.

The theta-vacuum term is a consequence of the strong CP problem [45] 49] and is
given just for completion since we won’t discuss the nature of this term in this notes.

2From hereafter the Einstein summation convention is used unless stated otherwise. Sometimes
the summation will be shown for clarity’s sake.
3We make use of the Feynman slash notation where y"a, = d.
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Table 1.2. Properties of the Standard Model Particles as given by the PDG [66].

Particle Mass (MeV) Mean Life (s) Charge (e)
e 0.511 +107° > 6.6 x 1028 yr
Leptons wo 105.7 +£ 1076 2.197+ 1076 -1
Ve, Vy, Vr <2x1076 - 0
u 2.2152 -
c 1.2710632 x 103 - g
Quarks® t (173.0 £ 0.4) x 10? -
d 47785 -
s 9519 - —%
b 4187003 x 103 -
Particle Mass (GeV) Decay Width (GeV) Charge
v <1x10724 Stable <1x1073
W= 80.379 4 0.012 2.085 4 0.042 +1
Bosons Z0 91.1876 + 0.0021 2.4952 4+ 0.0023 0
g 0 - -
RO 125.18 £ 0.16 <0.013 0

8 The u,d and s quark masses are estimates of so-called "current-quark masses", in
a mass-independent subtraction scheme such as MS at a scale u ~ 2 GeV. The ¢
and b quark masses are the running masses in the MS scheme. The ¢ quark mass
comes from direct measurements.

We will treat in more details equations egs. (1.4) to ([1.7)) in the upcoming sections.
For now we just set up our various conventions that we will use throughout the

whole notes.

Starting with the gauge Lagrangian eq. (1.4), the three kinetic terms are written
in terms of the field strength associated to each gauge connection of the gauge group.

That id]

Ga, = 0,GY + 9s GG,

(1.9)

“We use the notation for the antisymmetrization of the indices where a[ﬂb,,] =aub, —aby. A
similar notation is used for the symmetrization a(,b,) = a.b, + a,b,.
SMore generally the field strength is defined as the curvature tensor induced by the group
structure on the spacetime manifold and is therefore given by

F,,

gr

— D, D]

where DLA) is the covariant derivative constructed from the gauge connection A.
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W, = 0, W + ge™ Wiwy, (1.10)

v

BMV :8[},LBV]7 (111)

where G, is the SU(3) gauge connection (the gluon field), W¢ is the SU(2) connection
and By, is the U(1) connection. The field W and B, will later combine, after
symmetry breaking, to make up the Wui, Zg bosons which are the massive vector
bosons which mediate the weak interactions and the A, boson, the photon, which
mediates the electromagnetic one. The constants f2P¢ are the structure constants of
SU(3) and the Levi-Civita symbol €?¢ gives the structure constants of SU(2). In
this notes we use the convention where the Lie algebra of the groups [23] is given by
the commutators

[ta, tb} = g fabeh [T“, Tb} = jeere, (1.12)

where, in the fundamental representation, the eight SU(3) generators t* are given
by the Gell-Mann matrices while the three SU(2) generators are given by 7 = ¢%/2
where ¢ are the Pauli matrices and are both normalized as

1
Trtot® = 55“ (1.13)

More complicated representations can be found in the literature or constructed using
methods like the highest weight method.

The three coupling constants are gs; for the strong interactions, g for the W in-
teractions before symmetry breaking and ¢’ for the B interactions before SB as
well.

1.2 Particles and Their Representations

Being the SM a Quantum Filed Theory, every particle belongs to some representation
of the underlying symmetry group. In the case of the SM we know that the symmetry
group, before symmetry breaking, is the one of equation eq. . We call the various
pieces with the quantum number associated to that specific group. In particular

e SU(3)¢ quantum number is called color,
e SU(2)r quantum number is called isospin,
o U(1)y quantum number is called weak hypercharge.

The symmetry breaking pattern of the SM induced by the non-zero vacuum expec-
tation value (VEV) of the Higgs [20), 36, [32] is given by

SUB)e x SU2)L xU(1l)y — SU3)c X U(1)em- (1.14)

The remaining symmetry after SB is given by the same color symmetry as before
plus the electromagnetic symmetry which gives to all particles a quantum number
called electric charge.

Given this, we can give all the fields appearing in equations egs. to
their appropriate quantum numbers and with that it can be easily shown that every
component of the Lagrangian is by itself a scalar for the SM symmetry group. All
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the particles and their representation are given in table (1.3)).
From the Yukawa Lagrangian eq. (1.7) there is another field which is the charge-
conjugate field of the Higgs. This is given by

H = ic’H*, (1.15)

where o2 is a Pauli matrix and H* is the complex conjugate of the Higgs field H.

This field transforms in the (1,2)_; representation and is needed to make all the
possible scalar terms such as (Q%’f[ ) u% where 1, j are flavour indices. In fact under
SU(3) this is a scalar since we have the following tensor product

31®3=1308 (1.16)
and we take the trace. Same goes for the isospin since we have
2201=1¢3, (1.17)
and for the hypercharge
S (1.18)
3 3 '

which come out to be scalars for the entire SM symmetry group.

Table 1.3. Representations of the SM particles before symmetry breaking. The last column
refers to the representation under the Lorentz group.

Field | SU(3)¢c | SU2)r | U(l)y | SO(1,3) ~ SU(2) x SU(2)?
: 3 2 13 (1/2,0)

uly 3 1 4/3 (0,1/2)
Z‘R 3 1 —2/s (0,1/2)

L 1 2 -1 (1/2,0)

e 1 1 -2 (0,1/2)

G, 8 1 1 (1/2,1/2)

W, 1 3 0 (1/2.1/2)

B, 1 1 0 (1/2,1/2)

H 1 2 1 (0,0)

& The isomorphism is at the level of the complexified algebras
50(1;3) < s0(1;3)c ~ su(2)c @ su(2)c but we label it with the
group for simplicity.

After EW symmetry breaking, the relevant quantum numbers become the color
and the electric charge. Using the remaining unbroken generator of the SU(2)r, x
U(1)y group, we can find the relation between the isospin and hypercharge quantum
numbers with the electric charge. This is the well known Gell-Mann—Nishijima
formulalﬂ 122, [47]

Y
Q:7'3+§, (1.19)

5Depending on the convention used, there can be a factor of 1/2 difference in the hypercharge
giving Q@ = 7% +Y. We use the convention where the factor 1/2 is present.
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where T3 is the generator which labels the third component of the isospin and Y
is the generator of the hypercharge. Just for a sanity check, one can use formula
eq. to see if the quantum numbers given in table give back the expected
electric charge. For example, take the right-handed electron which we expect to
have a electric charge of —1 and, using eq. , find

€= Q=0+(-1)=-1. (1.20)

1.3 Electroweak Sector

We now have sufficient knowledge to formulate the GSW theory of weak and
electromagnetic interactions among leptons and quarks and to study its properties.
Let us first state the starting point and the aim of our study

1. There exist charged and neutral currents.

2. The charged currents contain only couplings between left-handed fermions.
This result is given by Fermi theory of weak interactions which, as we’ll see, is
the low energy limit of the GSW theory.

3. The bosons W¥, Z° mediating the weak interaction must be very massive.

4. Nevertheless we’ll begin with massless bosons which then receive masses
through the Higgs mechanism. At that point we want to simultaneously
include the photon field.

Given this list of properties, we can begin to build up the first part of the SM which
accounts for the electroweak sector.

1.3.1 The GWS Lagrangian and symmetry breaking

Let’s begin, as we always must, to find the symmetry group of the theory. We know
that at least there must be one gauge boson for the photon. Moreover there must
be another two vector bosons for the W+ fields. With this we need at least the
SU(2) symmetry group since it has 3 generators. But it turns out that this group is
too small since it only accounts for left-handed interactions but we know that the
electromagnetism is perfectly symmetric between left and right-handed fermions.
What Glashow proposed was the following minimal group

SU@2)w @ U(1)y, (1.21)

where the reps are defined, as we have seen before, by the isospin symmetry and the
hypercharge. Based on this symmetry group, the existence of a fourth gauge boson
was theorized since the group has 4 generators. It will turn out that the additional
gauge boson is, in fact, the Z° which mediates the weak neutral currents.

Since we have that the total symmetry group is the product of two groups, we
need two different coupling constants g, ¢’. The kinetic part of the Lagrangian will
be then by the second half of the Lagrangian eq.

1 1
— Wi, W — BB, (1.22)

L=—-3Wp,
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Given the local nature of the interactions, we need to give mass to the bosons. On
the other hand, the photon will be given by a linear combination of the symmetry
generators which remain unbroken under the action of the Higgs mechanism.

To induce the symmetry breaking, we have a complex isospin doublet with hyper-

charge 1, the Higgs
Ht
H= 7o | - (1.23)

The hypercharge is set by the Gell-Mann Nishijima formula eq. .

The Lagrangian for the Higgs field is given in equation eq. . In particular, we
have to specify how the covariant derivative of equation eq. acts on the Higgs
doublet. This is easily done by exploiting the Higgs representation under the gauge

group
Y , g ,
D,=0,—- 29,53;1 —igWir* =0, — z;Bu —igWyte, (1.24)
where the 7% are the the generators of the fundamental 2 representation of SU(2).

The Higgs potential with the opposite mass sign, induces a VEV for H, which can
be taken to be real and in the lower component without loss of generality. Thus we

choose
i 0
H = exp (77“7'“) h+v ], (1.25)
! V2

where v = (0| H |0) = u/+/A. Since we are going to study how the gauge bosons and
the fermions gain mass through the Higgs mechanism, we will fix the gauge to the
unitary gauge where, essentially, we set 7 = 0. With the VEV fixed it is easy to
find that the broken generators, i.e. the ones for which 7¢(H) # 0 are given by

10 1 1{0 —i Yy (0 0
1t 2 _ 1+ 3_ Y _
T _2<1 0) T 2(@' 0) T (0 1) (1.26)

and the unbroken generator is given by

Y (10
3 _
g = <0 0> (1.27)

which is exactly the electric charge as given by the Gell-Mann Nishijima formula!
The symmetry breaking pattern is therefore

SUR)w @U(1)y = U(1)em (1.28)

and we expect, thanks to Goldstone theorem and the Higgs mechanism, three out
of four vector bosons to be massive while one remains massless (spoiler: the only
vector boson without mass will be the photon!).

Putting the VEV in the kinetic part of the Higgs, making use of gauge freedom
and choosing a gauge which "eats" the Goldstone bosons 7% called unitary gaug

"One needs to be aware of which gauges are at play and the ones to choose for specific calculations.
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we get,

|DMH|2:
:vj@ 1) g’Bq+gW§ g(Wy —iW?) g’BqugW,;j g(W, —iW?) (o 1)
8 gWy +iW3) By —gW; J\g(W, +iW;2) ¢ B, —gW;
2 2 2 / 2
= () e ()" (L) |
(1.29)

The W, W? terms are degenerate in mass

The remaining terms are given by
vig? osye V207 Lo 29907 v? > gg'\ (B
. pirrd Y 3\ 9 99
WP+ =Bl - = BW = 4(13# W) vy o) L] (130

it is clear that the initial basis is not the basis given by the mass eigenstates. We
can therefore go to the latter by diagonalizing eq. ([1.30)

2 _ m /

det (g o g,zgﬁ m) = (¢ —m)(g” —m) — (99')* =0
=m?+(99')> —m(g*> + 9*) — (99) (1.31)
:m(m_gQ_gQ):O

m=20 m:g2—|—g/2

The two solutions give us what we wanted: a massless mode and a massive one.
Looking for the eigenvectors will give us linear combinations of the B,, and W[Z’ fields
which will turn out to be the massless photon field and the massive Z° gauge boson
field.

By means of the following reparametrization

/ 2
g cos Oy = 9

where Oy is called the Weinberg angle [26] [60], one can easily show that rotation
based on this angle gives us indeed the linear combination that we need

(Zg) _ (cos Oy —sin 9w> (Wj) . {Z2 = cos Oy W — sin Oy By,

sin Oy = (1.32)

Ay sinfy  cos by B, A, = sin HWWS + sin Oy B,,.
(1.33)
Now notice the following
1 -
Wit = = (Wirt + W) + Wi, (1.34)
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where
7t =71t 4 ir?, (1.35)
Under this definition, the charged gauge fields are given by
1 1
+ _ 1, 2 - _ 1 a2
W’u = E(WH +ZW/J4) W# = E(W‘U‘ — ZWﬂ)' (136)

Therefore what we have in the hand are the following fields

Wik~ My = %,
1 (% MW
70 _ N 2 _ (1.37)
w T mz 2cosﬁwgv o VI t9 cos Oy’

Already there’s an unambiguous prediction: the W bosons should be lighter than
the Z boson.
Moreover we find that, at tree level the following result should hold

My,

— -1 1.38
cos? Oyym?, ( )

This is the result of an hidden symmetry of the Standard Model, the custodial
symmetT
1.3.2 Gauge Sector

Putting together what we found, we can write down the kinetic term in the Lagrangian
for the Z and A bosons after symmetry breaking, in the unitary gauge, as

1 1 1
Lk = = B P = 5 2 21 + imQZZuZ“, (1.39)
where
Zyw =02y — 0y Zy  Fuy=0,A, —0,A,. (1.40)

Since the gauge bosons transform in the adjoint rep, their interactions are given by
commutators and in particular, the Ws’ part of the photon field gives us the known
coupling

glAu, Wit = gsinHWWSW;l [7‘3,7‘“} = e=gsinfy = ¢ cosOy (1.41)

With this in mind, the W# combinations will have +1 charge in units of e, which is
what we want.

8"Turning down" the couplings to the Higgs ¢, ¢’ — 0 we can see that the Lagrangian eq.
has a bigger symmetry group which we label as SU(2)r X SU(2)r. The symmetry breaking pattern
then becomes SU(2)r x SU(2)r — SU(2)v which is a bigger symmetry than the one with the
couplings so that only at tree level we can see it is effects.
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Without giving the full calculation, one can find that the full gauge Lagrangian
is

1 v 1 v 1 —\v v —
L= (FuF"™ = 122" = S(0W,) = ,W,0)@" (W) = & (W)")
1 _
- imZ‘ZZMZ“ — MWW )»
+decot Oy |2 WW, = (0,W,5 = 0,W,)ZHW ™) + (0, W, = 8,W,;) 2 (W )]
tie [FWEWS = (0,W, = 0, W) AL (W)Y + (0,0 — 0,W ) AW )]
+ } e’ (W+(W+)“W7(W7)V _ WJF(W*)“WJF(W*)”)
25in%fyy \ P v " v
e (APWFAYW = A AW (W) ) + e cot by (ZPWiF 2Y W, — Z, 20 WiH(W™)")
+ e cot O (WEW, ARZY + W WHARZY — 2W,E (W) AV Z,)
(1.42)
1.3.3 Higgs Sector

We can now return to the field h, the Higgs Boson. This boson remains in the
spectrum of the theory even after the choice of the unitary gauge m = 0 by the Higgs
mechanism.

The part of the Lagrangian which gives us the dynamics of the Higgs field is given
by the expansion of the covariant derivative after symmetry breaking

1 m?? m? g*m?
- = I My h 33 _ hopdy
L= @M@ ) = 5~ gin® = S

h 1 h? 1
2 (M&VWJ(W)“ + QmQZZ“ZH> + (M&VWJ(W)“ + 2m2ZZ“ZM> ,
(1.43)

where mj, = /2 and p is the initial symmetry breaking parameter in the unbroken
Higgs doublet Lagrangian and v is the induced VEV.

As we can see from eq. , the Higgs field interacts with itself in cubic and
quartic interactions and with the other gauge bosons, again, with cubic and quartic
interactions. As in all the other interaction terms, the strength of the interaction is
proportional to the masses.

1.3.4 Lepton Sector

Let’s study the interactions between the electroweak gauge bosons and the leptons.
As seen in table ((1.3) we have classified leptons into left-handed L* = (2,1)_; and
right-handed e% = (1,1)_9

L'= <Vf> ,(V‘_L> ,<VZ> , ek ={er, ur, 70}  i=1,2,3. (1.44)
) \F ) \" /g

We see that the left-handed field shows up as an isospin doublet, whereas the right-
handed field as singlet. In equation eq. ((1.44) we highlighted the three generations
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left SU(2) doublets and right singlets of leptons. These all transform as a left /right-
handed Weyl spinors. From now on we consider only one generation of leptons for
simplicity’s sake, but the argument can be easily generalized to all three.

The coupling between the leptons and the gauge boson is given by the covariant
derivative in the fermion Lagrangian eq.

£ =iLDPYL +icp9ep, (1.45)

where the covariant derivatives are different between the left-handed part and the
right-handed one. All leptons couple to the hypercharge gauge boson as we stated
in table . We denote Y7, the left-handed hypercharge and Yg the right-handed
one. So the expanded Lagrangian will be

L =il (&9 —igW T — ¢92/YL$> L +ieg (a — i“(;/YRB> eR. (1.46)

To be clear, the L or R subscript in the Lagrangian are just for convenience, since
they indicate the implicit chirality of the field. But since all leptons are all left- or
right-handed Weyl spinors, it would be technically correct to replace

LrdL — L'5"9,L,
o (1.47)
éR(Z’eR — eRa"aueR,

where o# = (1,0%) and ¢* = (1, —0"). However, since we’ll almost always deal with
the fields in the broken phase, where the left- and right-handed spinors combine into
Dirac spinors, for simplicity we’ll always write everything in the Dirac rep Whereﬂ

7 1—7s
LPL = LIy "y = =0, L,

_ 1+ 5
erdern = 6707“778,&.

(1.48)

As it is clear, there are still no masses for the leptons. To find them we have to
build the Yukawa sector of the Lagrangian where the fields interact with the Higgs
doublet. This will give mass to the leptons after symmetry breaking.
From the transformation rule of the lepton fields and the Higgs doublet, it is easy
to see that the only scalar quantities we can construct are the ones in Lagrangian
eq.

L=Y|LHeg+erH'L,|. (1.49)

After symmetry breaking, this part will give us the mass for the electrons with the

following term

Y
— me (€rer + €rer), Me = —=1. (1.50)

V2

9Sometimes we will use the notation where the chirality projector are written as

1—75 1—0—75
P = P = —
r 2 " 2
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Again, only after electroweak symmetry breaking, together with the diagonalization
of the masses for the gauge bosons, the Lagrangian eq. (1.46) becomes

/
L =L g (Z, cos Oy + A, sinOy) + %YL (—=Zusinbyw + Ay cosOw )| Y Le+

/

+ YR%éR (—Z,u sin 6W + Au COS GW) ryﬂeR'
(1.51)

The terms proportional to the photon field are

/ /
A, [Le (gT3 sin Oy + %YL cos 9W> L.+ (g2 cos HW) Yr (eryer)| , (1.52)

and using the fact that gsin 6y = ¢’ cos 0w = gg’'/\/ g% + ¢, we get to the expected
result for the QED interaction between photons and charged leptons

_ Y; Y,
A,gsin Oy [Le'y“ (7‘3 + 2L) L.+ 7}% (eR’y“eR)]
= Augsinbw [—ery'er, — ervy'er]
= gsinfw A, JE

em?’

where we used the unbroken generator in eq. (1.27) and
‘]éum = Qe(éry‘ue)’ (153)
with Q. = e = gsinfy. As expected, the electromagnetic interaction does not
differentiate between left and right-handed chirality.
The terms proportional to the Z° boson are
- Y, - Y,
Zy {g cos Oy LeyH 3 Le — ?Lg/ sin Oy LeyH Le — TRQ/ sin GWéR'y“eR]
=27, {(g cos Oy + ¢ sin Oy ) Ly 3 Le — ¢ sin Oyrq b, (1.54)

— 9 o 22 o
= Z”cos o (J3 gsin HWJem) .

Therefore the Z° boson not only couples to the EM current but even with an axial
current ~
JY = Ly T3 Le. (1.55)

There remain only the interaction terms between the leptons and the W bosons.
Recalling eq. (|1.34) we get, from the Lagrangian eq. (|1.46))

_ 1 _
gWiLA'TLe = g |:WJL6’)/MT_L8 +

V2

and we can directly see that the charged currents are

i =Lyt Le= (7 &), (8 (1)> <55>L = ) (eo >L (1.57)

1 _
—ﬁW;Lew#Le + W3L87“T3Le}
(1.56)
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and

_ _ 1=
I = (IO =év, 5 % . (1.58)

The axial part for W3 goes into the photon and Zy boson.
The full interaction Lagrangian between the leptons and the gauge boson after
electroweak symmetry breaking becomes

_ g : + u— - ut
L = qedullin + a2 (5 — asin b Ji,) + (W, g + W Jnt) . (1.59)

Sl

1.4 Quark Mixing and CKM

Now that we talked about the electroweak sector
SU2) xU1)y = U()em (1.60)

of the Standard Model, we're ready to add one of the missing part: the quarks.
We will not talk about QCD in this section, which is the remaining SU(3) of the
full symmetry of the Standard Model, but only how quarks enter in the electroweak
theory and how we can give masses to them with the help of the Higgs mechanism.
It will turn out that whenever we try to diagonalize the mass spectrum, we’ll
introduce some kind of mixing between the quarks which will be mediated by the
electroweak gauge bosons.

1.4.1 The Quarks

The quarks that enter in the Standard Model and their representations are summa-
rized in table ([1.3). To be more specific, quarks come in three flavours, just like
leptons, and appear in the theory in their chiral basis

i [u c t
= (d) () <b> (1.61)

uty = {ug, cr,tr}, dr = {dRr, Sr,br}.

Their name are: up, down, charm, strange, top and bottom quarks. In the case of
the quarks, we now consider all three families since, as we will see, they can mix
with themselves, while leptons do not. Whenever using the notation u* we’ll mostly
mean the up row of quarks in the SM which are up and have electric charge, in units
of e, 2/3, charm and top quarks, the others are the d’s which have electric charge
—1/3.

Their irrep in the full SM gauge group is

QL~(2,3)%, uRN(1,3)%, dRN(l,?))_%. (1.62)

Quarks carry a lot of indices: one index for the isospin charge, one index for the
color charge, one family index and a Lorentz index. We’ll omit them, as per usual,
since the notation would be too cluttered with them. But remember still that to
construct invariant quantities all indices must be saturated in such a way to have a
singlet for any of the possible symmetries.
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1.4.2 Interactions and Lagrangian
In the same way as we did with the leptons, we start from the following Lagrangian
given in equation eq. 1)
/
£ =iy (9 igW'r" ~ %Yo, B) Qu

, , (1.63)
+ tup <a — ’L'QQYuRB) uRr + ’L'JR (a — iZYdRB) dp.

By direct comparison with the leptons, we can easily see that the calculations will

be the same and so we give directly the results for the various currents that one

expects to find, coupled to the respective gauge bosons.

The full fermion currents will be the following

2 1-
Jbh = —eyte+ gﬂay“ua — gdawuda (1.64)

is the EM current coupled to the photon!]

_ 1= _ 1—s I
JZ) = Ve'Y;LT’YVe — €V 27 e+ u“'yﬂ i

_ 1=
Ua + me’“da (1.65)

is the axial current coupled to the Z° boson, and the charged ones

Jif = Lyt Le + Q7" Qa, (1.66)
J, = Leyum Le + Qv Qq (1.67)

which are coupled to the charged W bosons.

1.4.3 Yukawa Sector

From the irreps eq. and the Higgs we need to construct all the possible
renormalizable scalar quantities. As stated in the previous sections, to do so we’ll
need however another form of the Higgs field since H* won’t cut it. The field we’ll
use is the charge conjugate of H defined by equation eq. .

Now let’s see what kind of scalars we can build up. If we start from QpH we
can easily see that this we’ll be

QLH ~(2,3)_1(2,1)1 =(2x2,3x 1), 1.

1
3

(1.68)

W=

We know that 2 x 2 contains a singlet state. What’s missing is the hypercharge
singlet since 1 — % = 2/3 and the color singlet. If we search in eq. 1) for a
suitable quantity, we see that the dgr quark serves our purpose and so a suitable
renormalizable operator for our Yukawa sector will be

QLHdR+h.C. :QRHCZR—FJRHTQL, (1.69)

10 Again the computations are given for only one family of quarks if not else specified. The
arguments can be easily extended to three.
HNote the color index a = 1,2, 3 on the quarks which is saturated.
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where we added the Hermitian conjugate, as always, to include the reality of the
Lagrangian. And this settles down the down part of the Lagrangian. For the up part
we’ll use the charge conjugate Higgs since, if you try, we cannot construct scalar
quantities between up quarks with the normal Higgs doublet.
it is easy to see that the only renormalizable scalar quantity we can construct using
UuR is

QrHup +urH'QL (1.70)
Therefore, if we now put in all the families and the Yukawa coupling we get the
Yukawa, sector for quarks

Ly =YY (QuHdy + & HQL) + Y (QpHul + wh ATQL) (1.71)

which is exactly the one which was given without explanation in equation eq. .
Again here we consider all three quark families since in the end quark will mix among
themselves. This is not true for leptons since in the SM we are considering there
are no right-handed neutrinos, which means that they will always be massless and
therefore the mixing matrix can always be "rotated away" and go back to a diagonal
matrix. There cannot be any mixing among neutrinos without their right-handed
counterpart.

1.4.4 Symmetry Breaking

For example, given the Yukawa sector, we can use symmetry breaking and, by going
in the unitary gaug we get for the down quarks

- v+h
dr d)( oo )i = dodi ( > . (1.72)
Thus the mass for the down quarks is given by a SU(2) symmetry breaking Dirac

term and, with several generations of down-like quarks, we expect

Y } I dl, = MY = %Yg (1.73)
For the up quarks is the same but the mass matrix is given in terms of the Yukawa
of the up quarks

With this, we see that the mass terms in the Lagrangian for the quarks are
L = dy MEdly + dip M7y, + a, MY uly + aly M T, (1.75)

Nobody assures us that the mass matrices will be diagonal, but we would like them
to be diagonal since we expect the quarks, just like any other particle, to have a
definite mas Since we don’t have any constraint on the specific form of the mass
matrix we just found, we do not know if it is possible to diagonalize it.

2Remember that whenever we speak about unitary gauge we’re implying that we set the Goldstone
boson "to zero", which is a way of saying that the gauge field eats the Goldstone boson gaining a
new degree of freedom.

3The values of the masses of the quarks are quite difficult to define since they cannot be
experimentally measured due to confinement.
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1.4.5 On the Diagonalization of Matrices

We now prove that there exist a method through which we can diagonalize any
matrix. This process is called singular value decomposition and it provides two
unitary matrices L, R such that

L'MR=M, (1.76)

where we’ll use the hatted matrix for the diagonal form of M.
From the generic matrix M we can construct two Hermitian matrices

MM MM (1.77)

which in general do not commute. Provided that there is no singular eigenvalue and
that the determinant is non-zero, we can easily prove that these matrices have the
same eigenvalues. Indeed we gave

Pyt = det(MMT - A) = det{M} det(MT — AM*l)
— det(MT _ AM—l) det M = det(MTM — )\) = Py (1.78)

and since both matrices have the same characteristic polynomial, they’ll have the
same eigenvalues. Being both Hermitian, we know that they can be diagonalized
thanks to the spectral theorem and so there exist two matrices L and R which
diagonalize the matrices to the same diagonal form since they have both the same
eigenvalues

L(MMYLY = D = R(MTM)R! (1.79)
Starting from this we define the following
M' =LMR' (M) = RMTLT, (1.80)
from which it is easy to see that
M'(M"' = (MM = D. (1.81)

We know that we can always decompose a matrix into two Hermitian matrices as

M+ Mt M — Mt
M = (2) +i (2> = Hy +iH, (1.82)

The two matrices we just defined Hy, Hy are obviously diagonalizable since they hare
Hermitian but we would like them to be diagonalizable by the same unitary matrix.
From linear algebra, we know that this is possible if the two matrices commute!
And it is easy to see that

_ 1 ! 17 ! 1l 1 A gt art\
[Hl,HQ]_E[M +M,M—M}_%<MM - M) =0 (1.83)

Therefore there exists a unitary matrix W such that WM'W = M’ is a complex
diagonal matrix and therefore, being complex diagonal we can put it in the form

M' = MU, (1.84)
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where (A]g; = diag <e¢1 ,e®2 ... PN ) is a matrix of phases. Moreover
WiM'w = MU, = WILIMRW (1.85)

and therefore if we define
L=LW  R=RWU_' (1.86)

we found the matrices that diagonalize M.

1.4.6 The CKM Matrix

Now that we know a way for diagonalizing any matrix, we can use it for the mass
matrix for the quarks. Take the up quarks for example

ap ity = @ (UL )My (Uag) ki, (1.87)
where
m, 0O 0
mt=10 m. 0 (1.88)
0 0 ™yt

and the new mass eigenstates are written in terms of the old ones as
up = (Uw)igur, g = (Uun)ijuk: (1.89)

To distinguish the quarks in the two basis, we put a prime on the current basis
quarks.
Same thing goes for the down quarks where the diagonal form of the mass matrix
will be

mg O 0
mi=10 ms 0 (1.90)
0 0 my
and the mass eigenstates
I = (UdL)ideL/ 3{ = (UdR)ijd%- (1.91)

The kinetic terms do not change under this change of basis. In fact it is easy to see
that, if we start from the original current base lagrangian

ae(F5 00 ] ()
1 - ' 1
_%WM Bu— 5V, dr

. 2 L 1 ,
+ il (ia + g’3B) uly + di (z‘éf - 9’3B) i,

c=(w, &)

(1.92)

when we do the change of basis the unitarity of the transformation makes the
matrices drop out since the hypercharge interactions are generation diagonal
lZ’LTRlDu% urplurp — uR UJRlUuR ur = uplup (1.93)
p fla

vour \ Y /
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Moreover the same happens on the B,, and Ws’ terms since these do not mix up and
down-type quarks. This in turn makes the interaction with the photon unchanged.
The mass term, as we expect, becomes diagonal
Lonass = df ME d% + wf MJuy + h.c.
= di, (Ua, MaU},) ), (UuLMngR)U uly + h.c. (1.94)

_ Fi D
= dLmz‘j

1,
& + ugmiug + hec.

The interesting bit comes out from the isospin doublet, the left part, where the two
components change with different unitary matrices

i Ui 4!
7 _ uL uy,
QY = (dg) — U;j d% , (1.95)
R

whenever the interaction mixes the two quark types. This happens with the W+
couplings

I wri ~md. = @ 1d. = @ 1y°t 1
\/§Wﬂ' ury dL favour ury, dL ULUuL UdL dL, ( 96)
Ver M

where a new matrix in flavour space appears since we cannot use unitarity to reduce
the Uy, U;L term to the identity. This matrix is known as the Cabibbo-Kobayashi-
Maskawa (CKM) matriz. The CKM matrix is a complex unitary matrix, and thus
has nine real degrees of freedom, or three complex degrees of freedom. If Vg were
real, it would be a O(3) matrix, i.e. with three degrees of freedom. This means that
out of the nine parameters of the complex CKM, three are angles and six are phases.
However since the quark fields as mass eigenstates have a residual U®(1) symmetry

Thus, we can use this freedom to set some phases to zero. Under these transfor-
mations, Vog s generally transforms. However, if the two rotations are the same
a; = f3;, the matrix remains unchanged. Therefore out of the 6 possible phases we
could have set to zero, there remain only 5 possible combinations that effectively
change the CKM matrix. Therefore there remain only one free phase in the CKM.
The total remaining degrees of freedom are: three angles 012, 023, 013, corresponding
to rotations in the ij-flavour planes, and a phase . The angle 65 is called the
Cabibbo angle O¢.
One possible representation of the CKM matrix is the following

Vud Vuc Vub
V=1V Vs Va |- (1.98)
Via Vis V

The presence of the phase reflects the CP violation of the weak charged currents.
We will see other representations of the CKM matrix in later sections.

For completeness we give here the full interaction Lagrangian between the four
gauge bosons v, Z° and W*. Starting from the diagonal interactions, which are the
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ones between the photon -~y

2 2
Laa=1) (a’zw [8M + ieSAM] uff + afpyt [au + z‘e3A4 uly
k (1.99)
+ it [a# = i;;Au] db + iy [au - ZEA#} d%)
and the Z° boson
— ~—k k €ZM 4 2 _k k €Zu 4 . 9
EqZ —; ( - ’U,L"}/'MUL |:SH129VV:| |:1 — g sin 9W:| + UR’}/HUR |:SH129VV g S 9W
ongh [ _€Zn [y 242 ]_kuk[ezﬁt]2-2 )
+diy dL[sinQGW}[ 7 sin Ow | — dpydp S 26 7 Sin Ow |.
(1.100)
The non-diagonal interactions with the W bosons are given by
(& id _ ij T- _

ij

We note also that in the SM there are no Flavour Changing Neutral Currents (FCNC)
at tree level. At loop level these are highly suppressed by the GIM mechanism [27].

1.4.7 Wolfenstein Parametrization and Standard Parametrization

The CKM matrix is usually parametrized in some specific way. The purpose of a
specific parametrization is to incorporate in some way the unitarity condition of
the CKM. A property that is used throughout all parametrization is the so-called
rephasing invariance which is the possibility of changing the overall phase of any
row, or any column, of the CKM matrix, without changing the physics contained
in that matrix. Using this invariance, one usually sets V,4 and V,,s to be real and
positivdﬂ

As we discussed in the previous sections, we know that the CKM matrix depends on
four parameters: three angles and one phase. This is, of course, independent of the
specific parametrization used. One such parametrization, which does not highlight
the number of free parameters, is the one given in equation eq. . There are
better parametrizations that make clearer the nature of the CKM matrix. One
such parametrization is the standard parametrization: the free parameters are three

The reason for this choice has to do with a particular parameter that comes into play in the
physics of the neutral kaon system.
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angles 012, 013, 023 and one complex phase § and the CKM has the form

1 0 0
V=10 COS 923 sin 923
0 —sinfy3 cosfas

cos 613 0 sinf3e® cosfia sinfiy 0
X 0 1 0 —sinfi19 cosbfip 0O (1.102)
—sin 01361'(s 0 COS 913 0 0 1
€12€13 512€13 s13e”%
= | —S12€23 — 0128235‘136"‘S C12€23 — 812523813€i6 523C13 |,
512523 — 612623813€i§ —C12523 — <‘3120238136i‘S €23C13

where we used the notation s;; = sin6;; and c¢;; = cos 0;;.

From the physical point of view, this matrix does not give us much more
information than the original form of equation eq. . From this prospective
the Wolfenstein parametrization is better suited. This parametrization incorporates
some experimental informations from the measured moduli of the matrix elements,
which we gave in equations eqs. (1.121) to (1.128)). This parametrization it is based
on the approximation of the various matrix elements in terms of A = sin 0o ~ 0.22
and is given, up to third order in A, by

1—)\2)/2 A AX3(p — in)
V= -2 1—\2/2 AN? + 00\, (1.103)
AN(1 —p—in) AN 1
where, with respect to the standard parametrization, we define [12] [15] [63]
Va Ve
S12 = A= [Vas ) 523:14)‘2:)\‘1/177
|Vud|2 + |Vu5|2 us

(1.104)
AN (p +in)V1 — A2)\4

V1= N1 = AN (p + in)]
which are called, together with A, Wolfenstein parameters. These relations ensure
that p + i = —(VuwVih)/(VedVy;) is phase convention independent and that the
CKM matrix written in terms of the four parameters A, X, p, 77 is unitary to all orders
in \.
While A = 0.220658 + 0.00044 and A = 0.818 4+ 0.012 [11] are relatively well known,
the parameters p and 7 are much more uncertain. The main goal of CP-violation
experiments is to over-constrain these parameters and, possibly, to find inconsistencies
suggesting the existence of physics beyond the SM.

5196 = Vi, = A)\3(p +1in) =

U

1.4.8 Unitarity Triangle

The condition on unitarity poses a strong constrain on the physics of the CKM
matrix. In fact, from the unitarity condition VIV = 15,3 we can write six equations
for the off-diagonal elements. For example, one such equation is of the form

3
> ViaVii =0. (1.105)
=1
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Every one of these equations define a triangle in the complex plane where each one of
the legs of the triangle is one of the elements of the sum. These are called unitarity
triangles. The Wolfenstein parametrization comes in very handy since from that of
equation eq. we can see that of the six unitary triangles, only two come with
the same power of A

VuaVap + VeaVep, + ViaVi, = 0

O3 :
( ) V;deJd + V;fsvf;s + ‘/tbvu*b =0.

(1.106)

These two specific triangles are useful for the study of the B-meson decay. The other
four triangles contain terms with different powers of A and so they make up some
squeezed triangles.
Above all this unitarity triangle there is The Unitarity Triangle (UT). This is given
by the first of the relations in equation eq. with the sides normalized by
VeaVep,

VudVJb +14+ ‘/td tz

=0. 1.107
Vv T Vv (1.107)

We can draw this relation in the complex plane as follows: we start from (0,0)
and then we move to (1,0) using the second factor of eq. , then we take
either one of the other two factors and go back to the origin. This process leaves
us with the triangle in the complex plane in figure alongside the experimental
determination of (p,7)

(p,m)

(a) Theoretical Unitarity Triangle.
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UTf,'t

summeri8

-1 -0.5 0 0.5 1

P

(b) Experimental determination of (p, ), courtesy of the UTfit collabora-
tion.

Figure 1.2. The Unitarity Triangle

The parameters p and 7 can be expressed in terms of the Wolfenstein parameters
p and n by means of the following relations

2 2

A A
p= p<1 — 7) +0o\H) q= n(l - 7) + 0. (1.108)
The angles in the Unitarity Triangle are deﬁne as

o = arg l_M] 5= arg l_M]

VeaVj ViaVi
< e (1.109)
= arg ~ VudVi, 8, = arg - ViV
- ‘/cd g}; ’ °T ‘/CS c?) '

5Note this important feature: the definition of the angles are independent of any additional
phase since any added phase to some quark is going to get cancelled by the ratio with the other
elements. Equivalently, any CKM triangle can be rotated or scaled in the complex plane without
modifying the angles that make them up.
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1.5 Just a Taste: Flavour in the Standard Model

1.5.1 Global Symmetries

This peculiarity of the Yukawa interaction sparks an immediate question: what
would be the full symmetry group of the SM if there wasn’t any Yukawa interaction?
To answer this, let us set for now all the Yukawa couplings to zero Yy, Yy, Yp = dﬂ
Under this assumption, the whole global symmetry group of the SM is huge, in

particular
Gsm(Y =0)=U(3)° =U@B) x U(3)] = SU(3)3 x SUB) x U(1)°,  (1.110)
where we defined

UBE =U®B)g, XUB)ugp xUB)an,  UBZ =UB)LxU@B)e.  (1.111)
For the second equality of eq. (1.110) the isomorphis UB)~SUB)xU(1) is
used, together with the definition

U1 =U)p xUQ) x Uy x U(1)pg x U(1)e. (1.112)

Of the residual five charges we identify the first three with the baryon number, the
lepton number and the hypercharge. These are the ones that are not broken by the
Yukawa interactions. The remaining two are identified by the Peccei-Quinn symmetry.
The important thing is that the Lagrangians eqgs. and are invariant under
the flavour symmetry group SU (3)2 x SU(3)7. The Yukawa interactions break this
symmetry, leaving us with the residual global symmetry

Gsm(Y #0)=U1)g x U(1)e x U(1), x U(1). (1.113)

Therefore the SM is not flavour invariant.

1.5.2 Counting the Physical Parameters

The discussion made until here may seem arbitrary but in fact is very useful if
we want to count the number of independent parameters in the Yukawa coupling
matrices.

Let us start with the Yukawa sector for the quarks: how many independent parame-
ters does L4 have? Consider a more general theory where the number of flavours is
n. The two Yukawa matrices Yy, Yp are two 3 x 3 complex matrices, which means
that they both have n? real parameters and n? imaginary ones. The kinetic part

16Physically we can think of this as studying the theory at an energy where the Yukawa couplings
are negligible.
7 This isomorphism is not given by the direct product. In fact there is a short exact sequence of
Lie groups
det

1—-58SUMn)—»Un) —U1)—1

and therefore U(n) is given by the semidirect product

U(n) ~ SU(n) x U(1).
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of the Lagrangian for the quarks has a global U(n)3 symmetry that enables us to
constrain 3n? parameters. But the baryon number is a broken symmetry, which
means that we need to remove one constrain from the global symmetry. So in the
end we have

Nindep. =2 x 20> = 3n% +1=n? + 1. (1.114)

How many independent parameters are imaginary? To find them consider the limit
in which Y = 0. In this limit, the Lagrangian is SO(n)? symmetric which implies
that we can remove 3n(n—1)/2 parameters. Therefore the number of real parameters
is just

3n(n2 1) I n(n2 1).
The division in equation eq. is not at random: the first n real parameters
are the masses of the n d-type quarks while the other n is the number of the masses
for the u-type quarks. The third factor is the number of mixing angles. We can find
now the number of complex phases

Nge = 2n? — (1.115)

Nindep. = Nye + (”1)2(”“) (1.116)
Taking the limit of n — 3 we get that the Yukawa matrices Yp, Y7, can be expressed
in terms of 9 real parameters (three masses for the down quarks, three masses for
the up quarks and three mixing angles) and one complex phase. This complex phase
is crucial since it cannot be eliminated by any change of basis and, as we will see
later, enables the possibility of CP violation in weak decays.

Now we do the same for the Yukawa coupling of the leptons. Here we have only
one Yukawa matrix Y, that has in principle n? real parameters and n? imaginary
ones. In the limit where no Yukawa interaction is present, the kinetic term for the
leptons has a global U(n)? symmetry which constrains 2n? parameters. In analogy
with what we have done for the quarks, we can use the residual SO(n) symmetry to
eliminate n(n — 1) parameters in such a way that the number of real independent
parameters becomes

Nge =n? —n(n—1) =n. (1.117)

These n parameters are exactly the n masses of the charged leptons. Since in the
broken phase we still have a residual U(1)" symmetry (one for every lepton) the
total number of parameters becomes

Nindep. = 2n% — 2n% +n =n = Np,. (1.118)

This means that no matter what, in the lepton sector there are no complex phases.
This means that in the lepton sector there cannot be any CP violation and mixing!

Based on the arguments given in the previous sections, this is exactly what
we expected. After symmetry breaking the leptons all got a mass matrix which
was diagonal while the quarks didn’t. By diagonalizing the quarks mass matrix
we introduced the possibility of mixing in the weak sector and, buy the nature of
the initial mass matrix, we could not require that the mixing matrix be real. By
an analogous computation we found that the number of parameters in the mixing
matrix was four: three angles and one complex phase. Plus we had the six masses of
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the quarks. The complex CKM matrix is pivotal in the analysis that we will carry
in the following sections. By this mean, we can now complete the discussion with an
in-depth study of the CKM matrix.

1.6 What’s so Special About the CKM Matrix?

1.6.1 Interaction Vertices

Now that we have a complete theory of weak interactions we can start constructing
Feynman diagrams and evaluating some measurable quantities. It turns out that
whenever we have a flavour changing current we’ll need now to insert in the interaction
vertex one of the possible elements of the CKM matrix.
Let’s take for example the pion decay. At the level of the hadrons, the decay is
given by
™ = uty, (1.119)
which, at the level of the quarks is given at tree-level by the following Feynman
diagram

d T

W+

U v
o
Figure 1.3. Pion decay at tree level mediated by a W™ boson

The amplitude for such Feynman diagram is given, in the unitary gauge, by

2
g x — 1 qudv \ -

(m) Vudvd’yu(l — 75)Uum (—gm/ + M‘%V)u'u")/y(l — ’)/5)’UV7 (1120)
where an additional V,; term appears with respect to the naive amplitude and
q = +/s. This factor can greatly suppress some processes for which the CKM matrix
element is very small.

1.6.2 How to Measure the CKM Elements

The CKM matrix elements are usually measured from leptonic and semileptonic
decays. With the top quarks the processes are a little bit more difficult since it is
mass prevents it from forming bound states with other quarks. In that case we use
hadron mixing; we won’t go into much detail about it. Due to the fact that in the
theoretical predictions, only the square of the amplitude for the process appears,
it is not possible to measure experimentally the precise value of the CKM matrix
elements but rather we can measure either the moduli of them or the difference in
phases between two.
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Here we give some details on how the CKM moduli are measured experimentally

and their values as they appear in the PDG [66]. All of the processes governed by
V293

weak decays are proportional to some power of the Fermi constant Ggp = VER This
w

is precisely measured from the decay of the muon to the electron.

|Vua| This matrix element involves only quarks of the first generation and is thus the
one which can be best determined. There are basically three ways of measuring
it. The first one involves superallowed Fermi transitions, which are beta decays
connecting two J¥ = 07 nuclides in the same isospin multiplet. The second
one is by using the neutron decay which at tree level is given by the diagram

in figure (|1.4)). -

Vu
W= w-
d n
- -
u Vud u
n - o b
d d
-

Figure 1.4. Neutron decay at tree level.

The moduli of this matrix element, as given by the PDG [33], comes out to be

|Via| = 0.97370 £ 0.00014 (1.121)

|Vus| This matrix element can be extracted from the analysis of semileptonic decays
of the K-meson such as the one in figure (|1.5]).

Vu

W= _
u H
-

K~ é Vs @ 7T0

-¢
U

cha

S A

Figure 1.5. K~ — 7%, at tree level

This matrix element comes out to be [6]
|Vius| = 0.2245 £ 0.0008. (1.122)

Another interesting way to measure the value of this matrix element is by
hyperon decays [14].

|Vub| This matrix element can be measured from the semileptonic decay of B meson
such as the one in figure (|1.6)).
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Figure 1.6. B~ — n%u "1, at tree level
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From these processes, we find a value for the moduli of this matrix element of
[44]
|Vip| = 0.00382 + 0.00024. (1.123)

|Vea| This matrix element can be measured from the semileptonic decay of charmed
particles like the D meson. One such process can be found in figure (|1.7]).
_l’_

W "
' -
D+ é Vea @ 7T0
-

A

d
Figure 1.7. DT — 7%, at tree level

The moduli of such matrix element come out to be [41] 24]

V.q| = 0.221 £ 0.004. (1.124)

|Ves| This matrix element can be found by semileptonic decays of charmed particles
like the D meson in which the ¢ quark goes into a s quark. The lightest meson
which contains an s quark is the K meson. Such decay is depicted at tree level

in figure (|1.8))
i
+

w 3}4 Yy
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U U
Figure 1.8. D° — K~ utv, at tree level

This matrix element comes out to be [18] 65, 2} 3] 5]

[Ves| = 0.978 + 0.011. (1.125)

|Vep| This matrix element is determined by the decay B? — D*~I*y; like the one in

figure (1.9).



1.6 What’s so Special About the CKM Matrix? 29

+

e
W}f‘{ Ve
-¢
BO é Vcb @ D*—
| .

d _ d
Figure 1.9. D° — K~ utv, at tree level
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For these decays, we gathered a lot of measurements that got us a value of [44]

V| = 0.041 4 0.0014. (1.126)

|Via| These are two of the three matrix elements which involve the top quark.

|Vis| These matrix elements are measured by neutral meson mixing like B — B9
and By — B,. The diagrams describing these oscillations, which will be of
fundamental importance for CP violation in later sections, are so-called box
diagrams. One such diagram is depicted in figure .

b W~ b

BO

s

Figure 1.10. Relevant box diagram for the measurement of |Vi4| and |Vi|.

By evaluating these processes on the lattice assuming Vi, = 1

Va| = 0.0080 & 0.0003  |V;5| = 0.0388 = 0.0011. (1.127)

|Vin| This matrix element has been found by the CDF [4] and DO [I] collaborations
by measuring the branching ratio Br(t — Wb)/Br(t — Wyq) assuming three
generations of quarks. The value they gave is

V| = 1.013 £ 0.030. (1.128)

1.6.3 CP-violation in the SM

We can now briefly discuss how the complex phase in the CKM breaks CP-invariance
in the weak charged currents.

First, we need to see how the two discrete symmetries, parity and charge conjugation,
act on the relevant fields for our analysis. These fields are bosonic vector fields, for
the W+, and four-spinors ¥, for the quarks. Starting from parity, let us define a
state of a single particle A with momentum p and other quantum numbers o as
|A, p, o). The parity operator will act on this state as

P|A,p,o) =nalA,—p,o) (1.129)
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since, at the classical level, parity just inverts the coordinates. On the antiparticle
state the operator will act similarly, but with another rephasing

P‘fl,p,a> :nA’A, —p,o>. (1.130)
Given the creation operator af we have
Pal(p) |0) = al(=p)[0) 14 (1.131)
henceforth
Pal(p)P~'P[0) = Paf (p)P~ |0) = naal(~p) |0)
— Pa(p)P! = naa(-p) e

Similarly for the antiparticle. Now let us consider a scalar field ®(z) and its expansion
in creation and annihilation operators, then
d3p

Po(x)P~! = / W[P%P‘le—m +7>b},79—1eipx]
' (1.133)

d3p * —ipx T o ipx| -, %
= m[ﬁ/xa—pe +77Ab—p€ }:77@1)(7)33)-

In order for the equality to hold, we need to have 1% = n; = n3 which implies
nana = 1. What we need to define still is the intrinsic phase n3. Doing a similar
thing for a spinor field, defining its transformation property under parity as

Po(x)P~H = niy v (Px) (1.134)
we get a slightly different result
_ &
225,
B e e e
(2m)3\/2E, AV
(1.135)

Pi(x)P~" = / (a0 (=p)u” (p)e™ ™" + 1,50f (—p)o” (p) ™|

which implies 75 = —7%, which depends only on the choice of 774. For a vector field
we get a similar result as for the calar field PA*(x)P~1 = —p PH, AY(Px).

Next, there is charge conjugation. This can be found by imposing that the following
conditions hold: take a spinor field 1) and denote its charge conjugate as )¢ = Cp”,
then

YUY =y PP = . (1.136)

From the first condition, we get that

(wi)a(vo)aﬁ(%)ﬁ = by (CT)W (+°). ,(©)5,0% = vl (ctyc)_ v,

Yo

= (1), vr =01 (2" v
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from which we can extract
Cty0c = =40, (1.137)

From the second condition we get

(wi) o ('70'7#) B (8M7/}c)ﬁ = % (CT) v ('YO’YH) of (C)B’Y (@ﬂﬂ) ,

— ! (ﬂyofy“) (Du10),,- (1.138)

Yo
By comparison, we can say

T
ct(y')e = (3°*) = (""" (1.139)
For p = 0 it is easy to show from equation [1.139] that the operator C is Hermitian.
Adding the unitary quantity 7°4°, from equation |1.139| we get
C(1°9"1°%)C = ey*ty0C = ()7 (1.140)

Now we multiply both the sides by 7° and we exploit the anticommutation between
C and ~° since the equation [1.137]is true, so we get

Cy1y0ey” = ()"

—oyie = ()"

CHHC = —H* (1.141)
The only thing to do now is to determine the operator. We know that %, 4!, 43 are
real and symmetric (like also 75) whereas 72 is imaginary. Since C anticommutes
with 7°, v, 43 and commutes with 42, imposing the condition C? = 1 we can define
the operator up to a sign

C =iy (1.142)

With this definition of charge conjugation we get that a scalar and a pseudovector

are unchanged under charge conjugation, vectors and tensors change sign.
Therefore we have

CPWiCP™ =—e*Wy’ W,
CPW, CP = —eig‘/"n”MVV,jr
CPZMCP~! = —ngn", 2%
CPLhCP ! =nh
CPu'CP~! = e"PuinOCu'™
CPd CP! = eairOCqiT
The question is now: is it possible to choose the phases &w, 1z, Nk, @y, ¢4 in such a

way that the weak Lagrangian is CP invariant? Let’s go directly to the culprit, the
W boson interactions with quarks. What we have is the following

(1.143)

CcP [%Wjﬁ%’y“d%vij + ngﬂiwugwﬂ]wl
g _ i(d)—? 7 i 9 <« i (gl —g’ —i j
— %V;] (W,u e Ew)e (¢d @) (_d‘ifyﬂuL) + E%J(Wje fW)e (92 ¢d) (_uLpYHd]L)_
(1.144)
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The condition for invariance is given by
Vi;e—i(ﬁer%—%)/? - Vijei(ﬁw+¢§—¢i)/2 (1.145)

which can only be true if we can choose the phases such that the product between
the phase and the CKM matrix elements is real. But we know that the CKM matrix
has a complex phase that cannot be reabsorbed in any way and that is present in
every choice of basis. This means that the equality eq. cannot hold and
therefore we have CP violation.

1.6.4 The Jarlskog Invariant

Now that we're familiar with the existence of the CP-violating phase, we would like
to be able to quantify it in a meaningful way that is manifestly basis-independent.
What we need is some kind of invariant that identifies CP violation. Such an object
exists and it is called the Jarlskog invariant, J [19] 28 [40] 39, 64]. It is defined by

I [VigVaVig Vi | = 73 €immejen,
mn

where there is no implicit sum on the left-hand side. In terms of the Wolfenstein
parametrization, this corresponds to

J = 0120230%3812823813 sin d ~ )\6A27]

This parametrization-independent quantity measures the amount of CP violation in
our model. The most remarkable observation is that it depends on every physical
mixing angle. Thus if any of the mixing angles are zero, there would be no CP
violation. In fact, we can see that the amount of CP violation in the Standard
Model is small, but it is not small because the CP phase ¢§ is small. Quite on the
contrary, it is small because of the mixing angles. We can see this in the Wolfenstein
parametrization where the Jarlskog invariant comes along with six powers of A.
The experimental value of J is [66]

J = (3.07033) x 107°. (1.146)
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Chapter 2

Quantum Chromodynamics and
Strong Interaction

The strong interaction is the missing piece of the Standard Model which is described
by the SU(3) symmetry group. Of the three fundamental forces that the SM can
explain, the strong force is by far the most complicated. This force governs the
behaviour of quarks and how they bind together to form composite particles which
we call hadrons. Not only that, but on a larger scale, it also governs how the nuclei
of different atoms bind together and their stability. At these two different scales,
the particles that mediate the interactions are different: on the smaller, hadronic,
scale the force mediator is called gluon, while at the larger scale the carriers are light
mesons such as the pion. Quantum chromodynamics is the Quantum Field Theory
that describes the interactions of colored particles. Color is the quantum number of
the SU(3) symmetry group in the SM.

What makes the strong force so difficult to work with and to do actual calculations,
it its highly non-perturbative structure at low enough energy scales. Perturbation
theory is an essential bit of mathematics that enables us to carry out specific
computations and without it, unless the model is exactly solvableﬂ we cannot go any
further. But then, how come that we in fact do calculations which depend on strong
dynamics? We use a tool called lattice QC’Qﬂ This approach was introduced by
Wilson [62] and is an approximation scheme in which the continuum gauge theory is
replaced by a discrete statistical mechanical system on a four-dimensional Euclidean
lattice. The basic idea of lattice QCD is to employ a specific ultraviolet regulator,
i.e. the lattice, on which we can do computations exactly. Of course, such a tool
comes with its benefits and with its drawbacks. One such drawback is that by
discretizing space-time, we lose one of the foundations of QFT which is Lorentz
invariance. Moreover, a lattice calculation requires some very intensive computations
which, in turn, requires a very powerful computer. Although we are going to use
heavily the ideas of lattice QCD and lattice regularization, we won’t go into much
details on how such lattice computations are done, what is important is that even in

!Sadly we know far too well that most of the actual physical models are not exactly solvable by
analytical methods.

2This is not the only tool. There are also other theories like the 1/N,. [57] expansion or Chiral
Perturbation Theory (ChPT).
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the non-perturbative regime, physicist know how to do calculations.
The fundamental property of QCD, which causes all the problems we write up until
now, is asymptotic freedom. What this means is that, at high enough energy, QCD

A—oo 0

can be treated perturbatively: the theory becomes asymptotically free gs(A) —
where A is some energy scale. That’s right, the coupling depends on the energy at
which the process takes place. This is a general feature of any QFT and comes from
the process of reabsorbing infinities in a process called renormalization. We will see
how this process will come into play in this chapter.

)

2.1 The QCD Lagrangian

The QCD Lagrangian is constructed by taking the kinetic term of the relevant gauge
field and the kinetic term for the fermions. This leaves us with a Lagrangian of the
form

1 S o
Lacp = =5 GG + 0 (i™ — md™ )y, (2.1)

in which the field G, are the gluons and the fields ¢, are the quarks. But reality, as
always, is more complicated than this. What we glossed over up until now is that
gauge freedom completely breaks down our possibility to do calculations. This is due
to the fact that when studying QFTs one makes use of an object called generating
functional Z]J]. The generating functional is a functionalﬁ which is used to find, in
any order in perturbation theory, the value of some Feynman diagram: it "generates"
at any order, the relevant perturbative terms and is in this bit of mathematics that
the problem lies. Take a general gauge field A}, associated with some gauge group
G. Let S[A] be the actionlﬂ functional, then the generating functional is defined in
Minkowski space as

200 = / DA exp [z‘S[A] i / d%Ag(x)Jg(x)], (2.2)

where J! are dim G external currents. Then, green functions can be found by
functionally deriving Z[J] and setting the external current to zero. For example,
the two-point function (propagator) of the gauge field, is found by

1 46 ¢

Gl (x) = (0]45(2)A7(0)]0) = 700] 6% 577 /]

(2.3)

J=0

If we have some additional fields which interact with the gauge field, just like our
initial QCD Lagrangian, equation like eq. , gives the complete two-point function
which incorporates all the possible corrections to the free propagator. But what is
the integration measure in the definition of the generating functional of equation
eq. (2.2)7 Broadly speaking it means that we need to integrate over all possible field
configurations. But here’s the catch: gauge freedom makes any configuration part of
an infinite equivalence class of configurations where the physics is unchanged and
we need to integrate over all of them. It is not difficult to see that even naively,

3Incredible!

4The action is defined as the integral over spacetime of the Lagrangian density.
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this makes the integration measure divergent. To solve this problem we need to
fix the gauge in such a way that the physical result is independent of such a fix
but such that makes the integration well defined. The procedure to fix the gauge
in a non-Abelian theory was found by Fadeev and Popovﬂ [21]. Without going
into much more details, what they discovered is that by fixing the gauge there
appeared some new fictitious particles which we call Ghosts. Ghosts are in no way
physical particles, they cannot be measured, they are not real, but they are only a
result of the mathematical process of fixing the gauge. This particles appear in the
Lagrangian as a bosonic term but they are described by Grassman variables and so
obey Fermi-Dirac statistic.

There are a whole plethora of possible gauges: covariant gauges, axial gauges, non-
linear gauges, and so on. In the simplest case of the covariant gauge-fixing "G, = 0,
the full QCD, gauge-fixed, Lagrangian in all of its glory is given by

1 1 2 - -
Lacp = =7 GG — - (9"G) " + (9xa) DiPxs + g (i) — m)ty,  (24)

where « is the gauge parameter, y; are the Ghost fields and Dzb = 5ab8# — gs fabCAZ
is the covariant derivative in the adjoint representation of SU(3).

2.2 Perturbative QCD

We are now ready to start the analysis of QCD in the perturbative regime. To
employ perturbation theory, we need to choose an energy scale such that quarks and
gluons become the asymptotic states of the theory instead of the hadrons.

Given the Lagrangian eq. we can extrapolate the various interaction vertices.
The non-Abelian nature of the SU(3) symmetry group adds some interesting inter-
actions such as three- and four-gluon vertices which in a simpler theory like QED
are not present. We now give a short list of the Feynman rules for the vertices and
their mathematical counterpart

Y

i J = igay't? (2.5)

o
T C= —ig, [k (2.6)

5There is still a problem with this approach since fixing an orbit in the guage configuration space
can result in ambiguities, the so-called Gribov ambiguity [29]
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a,

e

n 2 GP = gf*lg (k—p) + g7 (0 — )" + g™ (a— k)] (27)
a, [ b,v
—i92 [fabefcde (g,upgya _ g;wgup)
_ +facefdbe (guugpa _ guagup) (28)
4_fadefbce(guugpa __gppgua)]
Cp d, g

For the later chapters, we also need the free propagators of both the quarks and
the gluon derived from the associated free Lagrangian and come out to be

- i(p —m)

i&ab
e e (2.10)
k i(;ab L kv
21 QQQ0QQ) b,V = 2 (—g,w-l- (1 —Q)M>7 (2.11)

where « is the covariant gauge-fixing constant appearing in the Lagrangian eq. (2.4).

2.3 Renormalization of QCD

A general feature of most QFTs is the presence of divergences in the perturbative
series when evaluating loop diagrams. Since we know, experimentally, that the
results should be finite we need a way to systematically eliminate the unphysical
divergences. This is done by means of renormalization [I7]. In order to deal with
divergences that appear at the quantunﬁ corrections to Green functions, the theory
has to be regularized to have an explicit parametrization of the singularities and
subsequently renormalized to render the Green functions finite. There are many

51 will use quantum and loop corrections interchangeably.



2.3 Renormalization of QCD 37

ways of regularizing Green functions, but what we will employ is Dimensional Regu-
larization (DR)E [7, 10, [16l, 59] by analytically continuing the spacetime dimensions
to d = 4 — 2¢; the physical limit is taken by letting € — 0.

There are also many ways upon which we can subtract the singularities. For our
interest, we will mostly employ the modified Minimal Subtraction, or MS for short.
To eliminate the divergences we firstly need to renormalize the fields and parameters
in the Lagrangian eq. defining several renormalization constants

1/2 ~1/2
= 23 °Gh dap = Zgby Xy = 23N

9B = Zggpu© ap =Z3a  mp=Zpm

(2.12)

in which the index B denotes the bare quantities. Note that a scale p has been
added to the coupling constant g to make it dimensionless in D = 4 — 2¢ spacetime
dimensions.

In the next sections, we are going to evaluate the 1-loop renormalization of QCD
within the given framework. In general, the Green functions are going to depend
on the gauge-fixing parameter «, but the physical results are gauge-independent.
Therefore we are going to use the Feynman gauge a = 1 for the following calculations.

2.3.1 Vacuum Polarization

The first loop corrections that we are going to evaluate are the ones to the gluon
propagator. At one loop there are four corrections, plus the counterterm which
depends on the renormalization constants and absorbs the divergences.

wOuw - oo - wle . wu

We consider now a general SU(ny) Yang-Mills theory with ny flavours. Let us start
from the fermion bubble contribution: after the sum over the ny flavours

k+1
k k
ap bv
l

"In dimensional regularization there is some liberty when defining 5. In our particular case we will
use Naive Dimensional Regularization (NDR) where the 5 is such that the usual anticommutation
rules hold {+v*,7"} = 2¢*” and {v*,75} = 0. Another useful definition is given by the 't Hooft-
Veltmann scheme [59]
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= —nf/ [ —igpu t”) ok €+ 7 (—igﬂstgi) VZ’H

dhe (04 k)ees
— 2,2 T 5abT a. v.B /
= —g* nfTF5ab4[ noghh g g@b 4 ghP g”"‘} [Baﬁ (k) + k*B° (k)]
dBo(k) 10,5
k%K
Hd—1) Hd—1)

— —gQ,uQanTF(;ab4 {guaguﬁ _ g,u,l/gozﬂ + guﬂgua} [

By(k)

@1 |9"g"" — g 9" + g7 [k*g*7 + (d — 2)k"k” |

By(k
_ g2ﬂ2€nfTF6ab 0( ) Q(d— 2) (k,uk,u o kQQMV) ’

(2.13)

where By(k) is the master massless loop integral given in appendix E 2 and T is the
Dinkin label of the fundamental rep of SU(n f)l We also used the PV decomposition
explained in appendix [A.3l If we now choose d = 4 — 2¢ and expand the scalar loop
integral By(k) around its pole in € = 0 we find

A =or e e )| GOy
= i16;2nfTF5ab2(2 — 2¢) (Zl’) + 36) li — log <_47r;£iw>] (k:“k:” _ k2guu)
=g (5= o) [ - (i) | O )

- inganT ab lgl - g + gl g4”’12;2 ’YE] O(e)

(2.14)

Since we are doing renormalization, we are only interested in the divergent part,
which is
Qg 4 1 2 uv v 0
i— | —sngTe— ) (K“g" — K"'EY) + O(€). (2.15)
47 3 €
In the MS scheme, besides the divergent part, the factors of log4r — vg get also
reabsorbed into the renormalization constant.

The second relevant diagram is the gluon bubble correction:

l

k k
ap bv

kE+1

8 As a convention T = 1/2.

2
k BO(k) gaﬁ Bo(k) kakﬂ‘|

2
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N =

d
/ (sﬂjd (_guefacd [gup(k . E)U + ng'(QE + k’)“ + gtw(_2/<: — g)p]) X

x (—gue f7 [¢77 (k420" + ¢ (—0+ k) + ¢ (=2k = 0)"] ) x

- 5dd’ _ igpp’ gec’
(k+0)2 T2

(2.16)

where the prime indices are related to the internal gluon propaghators. The 1/2
factor comes from the symmetry factor of the Feynman graph. Then, one has

1 d
= - g* > Cad™ / CL g0 (0 — )7 + g7 (20 + k) + g7 (~2K — £)°]

2 (2m)
v v v 1
 [gmo 20" + g5 (=04 K)o + =2k = 0] o
Ca ddy
— 42,,2¢ ZA gab _ w1V 2 _uv _ 17%.%
P /(%)d [(d— OB K" + 5K2g + (2 — 3)kM0"+
+(2d — 3RV + (4d — 6)0"0” + 29" o £ + 26" 2] PU+R?

C
= g2u267A(53b | Bo(k) ((d — 6)k"k” + 5k2g" ) + (2d — 3)kB” (k)+

+(2d — 3)kVB*(k) + (4d — 6)B* (k) + 2¢" ko B (k) + 2g" Ag]
= 92u25%5ab30(/€) [(d — 6)kPEY + 5k2g" — (2d — 3)kMEY — k2gM +

s o)

d— d—
= 225 Bo(k) {— 420 gy 025
By (k)

2 uv

2(d—1) sd—1" Y }

— 42,,2€ ab . w1V . 2 pv
GPUZCAS a1 [(6 Td)kFE” + (6d — 5)k%g }

(2.17)

where Ay is the massless vacuum bubble integral given in appendix and Cy
is the Casimir for the adjoint representationlﬂ Proceeding exactly as before by
substituting d = 4 — 2¢ and expanding around the pole ¢ = 0 and taking only the
divergent contribution, we find

s, 119
70 53‘ _
A% e 12

11
k2 g — o+ O(eY). (2.18)

For SU(nys) we have Ca = (n7 —1)/ny.
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The gluon tadpole graph is the simplest one since it is just proportional to

de 1
oc/ S Ay =0 (2.19)

since there is no scale involved.
The last contribution is from the ghost loop where we find

k+1
k .k
“HQQOL - AQQQ bv

~’
l

0+ k)?

_ ddﬁ € racd 0+ Yaus bdcgl/ v

——/(QW)dguf (E+ k) gus 5 5
dle erev 4 kv

2, 2 ab

= TgHTCA0 /(27r)d (0 k)2

= —g* i Ca6™ B (k) + k"B (k)]

N S
— _g2u2eCA6abBO(k) [ d - g . ]

Ad—1) 4d—-1) 2

B
— 92M260A63b4 O(k) [k,Qgp,u + (d _ Q)k"uk'y}

@1
Same, but different, we take d = 4 — 2¢ and expand around ¢ = 0. Taking only the
divergent part, we get

171 1
z'ch(sab; [ukzgﬂ” - Gk“k”] + O(€%). (2.20)

We can now define the renormalization constant Z3 at 1-loop by summing the three

divergent contributions to the gluon propagator in egs. (2.15), (2.18) and ([2.20))

asl /b 4
Zy3=14+——|=Cx— —n¢1F ). 2.21
3 +47T6<30A 3nf F> ( )

2.3.2 Quark Self-Energy

The next part in the renormalization of QCD is finding the 1-loop corrections to the
quark propagator. In this case we have only one contribution from the quark loop
since ghosts couple only to gluons and so they only enter in higher-order corrections
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to the quark propagator. So we need to evaluate the following Feynman graph

] = —  (—iautt A" ——(—iguttd. _
¢ / (27’[’)d( gp t]kz’)/ )[ _?( g kzp)/#) /2

p  p+l P

ate L4y
2eza
= — g%t t
9 g k’z/ (27r)d7 (€+p)2 #g2
% f+p 1
= (d — 2)g*p*t3 3 / — —
( )g H Uk (27‘(‘)d (€+p)2 02’
where the identity v#~y%y, = (2 — d)y* has been used. Using the properties of the
SU(ny) generators and the integrals given in appendix we find
di >+ p> 1
= (d— 2)g?u26,;C a/—i—
( )g K jUFY ( 7T)d (£+p)2 02
= (d - 2)¢°1%*6;;Cryal B (p) + p" Bo ()] (2.23)

= 25 Crop (5 ) Bolo)

where we have assumed that the quark momenta is p? # 0 otherwise the integral
would be zero in dimensional regularization.
As before, we can now expand around the pole in € = 0

(2.22)

g* 1 4rpe
— i chch¢(1—6)[€ + log 7:)2 +(9(e)]
2 A -
o]t e o (221)

sl o 0
~i ecpéup + O(%).

Summing the virtual correction to the bare propagator, we find that the renormal-
ization constant involved is given by

Jy=1-— —fCF (2.25)
4 e

2.3.3 Quark-Gluon Vertex Correction

The 1-loop corrections to the gqg vertex are two. The first one is given by the
following Feynman diagram
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ddﬁ i(f — ) i(f +p) —i
_ _ et _ o o etb ) —
/ gty )(g )2 5 (—igutiyy )(£+p)2( YLt ) g
_(C . OA)ta, 3 36/ SR Gt g D
I N N R O (R
where the color factors come from the SU(ny) algebr To perform this integral,
since we are only interested in the UV behaviour, we make the simplification
p=p =0 with a caveat that we’ll see later. In this limit, we have

C A% A fryihy
— gty (CF QA) / 2 ] 522)57 . (2.27)

(2.26)

Inside the integral, the following equality is valid

lals = g%%? (2.28)

which gives us

— g, <CF C2A> / (;iif d;v”vz‘;‘;;m%. (2.29)
Using the Clifford algebra in d-dimensions
VAV e = (2= Ay = (d - 2)*. (2.30)
Therefore Oa\ (d - 2)2 @1
— P (C 2) -~ ’Y”/ @i (BF (2.31)

The last integral may seem to be zero, but this is only because we have taken out the
relevant scales. Therefore we need to introduce a scale back in a sort of Pauli-Villard
regularization

LU SN TS W N\ Chi ) PR
| trar @i (@ —n22 = i T T (232)

Now we can put d = 4 — 2¢ and expand around the pole e = 0, taking only the
divergent part

51 C
— gt 2 (X — A, (2.33)
J T €

a, ALK
p+p

01y practice t*t°t* = (Cr — C’A/Q)tb.
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ddr
= / S (—gue £ ¢ (=2p — 1/ + O + g (=20 + p— P

Qp(p 1 o o —1 —1 s eatq %_- € tb-.
+g ( +2p +p) )} (g_p)2(€+p/)2( g ]k)gg( guYp kz)

(2.34)

Using the color algebra equality 4 f2P¢t¢tP = Cx /2t* and by, again, neglecting the
momenta p and p’, we get

(2.35)

s 5Cn . [ dde (97700 = 205000 4+ g% )y ypt?

2 omr)d (12)3
With the additional Clifford algebra equality ,7* = d, we find that the integral
becomes

dde 7“+2( )7“+7“ ddé 1
/ _ 4=t / (2.36)
(2m)d (52) d
The integral is the same as before, so we can proceed exactly in the same manner,
obtaining
as 13
— gttt —===Ch. 2.37
1t5" =~ 5C0A (2.37)

By summing the tree-level amplitude with the 1-loop corrections we find the renor-
malization constant Z; via

ag 1l
Zi' =14 —=—(Ca + Cp). 2.38
1 L2 2(Ca+ Cr) (2:38)
Let us now concentrate for a moment on the renormalized Lagrangian, and in
particular on the strong coupling constant. The bare vertex reads

gB@ZqBQ;’Bqua (239)

where in d-dimensions, the bare coupling constant is dimensionful. If we now replace
the bare fields and coupling constant with the renormalized one by virtue of eq. (2.12))
we get
1/2 7

gNEZgZQZ:;/ ¢q$¢q' (2'40)
But, from the evaluation of the loop corrections to the vertex, we know that the
renormalization constant is Z; 1. Hence, since what we can actually measure can only
be the vertex, we require that the divergent factors obtained by rescaling the fields
must be exactly canceled by the multiplicative factor Z; ! In this way, whenever
we extract physical quantities, they will be finite. This corresponds to choosing

VA
7y = 2,7,75% = 7, = - (2.41)
VA
Using the results we found in eqs. (2.21), (2.25) and (2.38]) we find
s1/11 4
—1- _Z 4
Z, 47T : ( =Ca 6nfTF> (2.42)

Note that this result is gauge-independent.
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2.4 Renormalization Group Equations

A general feature of renormalization is that it adds an explicit scale dependence p on
physical quantities. But it is important to note that the initial, bare, quantities did
not depend on an energy scale. Thus, we have to require that the bare quantities do
not depend on p. By doing so we get the so-called renormalization group equations
(RGE). These equations govern the dependence on the scale of relevant physical
quantities like the coupling constants.

By imposing that the bare coupling constant does not depend on the renormalization
scale and searching for a solution to the RGE, a peculiar thing happens: the physical
parameters will depend on the energy scale. In particular, we are interested in the
scale dependence of the coupling constant. We will see that this scale dependence
will be such that two behaviours can arise: when the energy is high then the coupling
constant is small or when the energy scale is small, then the coupling constant is
small. We call theories with such behaviours asymptotically free in the UV for the
former or in the IR for the latter. Let us be rigorous now.

Take an observable O calculated in the MS scheme. We have

0= (’)Ms<a(,u),m(,u),log % y > (2.43)

where /s is the center-of-mass energy. Here a o< g% is the coupling constant and
m is the physical mass of the theory. The appearance of logarithms is a general
feature of regularization as clearly underlined by the previous calculations of loop
corrections.

It is important to note that the physical observable O is u independent assuming one
works to all orders in perturbation theory. The logarithms can be large whenever
s > u, these will be discussed on more general grounds in the following chapters.
The p independence of the observable O can be expressed in the following form

d o da(u) 00 dm(p) 00 00
Han™ =1 an dal) T du om(u) T o

0. (2.44)

These equations are known as Renormalization Group Equations! In this case,
we assumed that the observable O only depends on two quantities: the coupling
constant and the mass, but a more general theory can also depend on some other
parameters, but the generalization is trivial.
We define then two very important functions

da(p) _ da(p)

du = dlogp M) (2.45)
dﬂ;(u) _ jT(M) = Ym(a(p))m(p)
p og

which we call beta function and mass anomalous dimension respectively. With these

definitions, eq. (2.44) becomes

90 90 90

Bla) 5+ yml@)ma— + = 0. (2.46)
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2.4.1 The QCD Beta Function

Now, given the general definitions and the 1-loop result for Z; in eq. (2.42), we are
ready to find out if QCD is UV-free or IR-free. Given that

98 = 1 Zy()g(p) = asp = 1> Z; (p)as(p) = 1> Za(p)as(p), (2.47)
where ) " A
Za(p) =1~ ajﬂl: Bo, Bo = (3CA - SHfTF). (2.48)

From the fact that the bare parameters are scale-independent, we get the RGE for
the running coupling

dOCBS 2 -1 dZa 1 dods :|
:0: EZa s 2 Z - ) 249
T = 0= i Zalon0) |2 + 25 o + oo (2.49)
which implies
do dZ
S =2 — Z 1 "% | = B(as . 2.50
leg,LL « [ € [e]] leg,LL:| B(OJ (,LL),C) ( )

This more general 8 function is defined for a finite € where in the limit ¢ — 0 we get
the usual 8 function.

Consider now the fact that the renormalization constants in this scheme, only contain
dependence on 1/€™ factors and thus the dependence on the scale u is only through
the running coupling as(u). Thus we can recast eq. in the more convenient
form

dz,
Blas, ) = as [—26 ~ Blas, e)da} (2.51)
S
To solve this equation we expand
Blas,€) = Blas) + Z fkﬁ(k)(as)y
. ’1“:1 (2.52)
Zo =14 —ZP(ay)
€
k=1
The solution to the equation is therefore
(1)
dZs (o
Blas) = 2a§da(), (2.53)
which yields
dz®
Bla, €) = —2eas + Blas) = —2eas + 2a2 do(j . (2.54)
A similar relation holds for the mass anomalous dimension
SVAUCE
'Ym(as) = 2as(ﬁk‘é()' (2.55)

These equations are really important. They state that to all orders in perturbation
theory, the p-function and the anomalous dimension can be extracted from the



2.4 Renormalization Group Equations 46

coefficients of the single 1/¢ pole in the renormalization constants.
In our 1-loop calculation, we find that

azM d a, Bo
dow _dozs Eﬁo = I (2.56)
therefore
g
50(045) = —2ay (504> . (2.57)
T

To this date, the S-function of QCD has been calculated up to 5-loop [9} [34] 46].

2.4.2 Leading-order Solution to the RGE

0.35 - v
I T decay (NLO) Fo- ]
low Q2 cont. (N3LO) +o— |
03k DIS jets (NLO) H+
Tt Heavy Quarkonia (NLO)
e'e jets/shapes (NNLO+res) i ]
i pp/pp (jets NLO) =
025 I EW precision fit (N3LOY-e— ]
pp (top, NNLO) =+ -
— |
2 02F
=]
0.15 -
0.1
F == 0(Mz?) =0.1179 £ 0.0010
0.05_ el
1 10 100 1000

Q [GeV]
Figure 2.1. Running coupling with experimental data. The best fit value for the MS strong
coupling constant is a,(mz) = 0.1179 £ 0.0010. Image from Ref. [66].

Given the 1-loop solution for the S-function eq. (2.57)), we can find the running of
the strong coupling constant by means of

dos(p)
dlog u

- _2500‘3;“). (2.58)

This can be solved by simple separation of variables
as(p) 2

B / dag 1 1 7@10 I
a2 as(p)  as(A) 4r S A2

(2.59)
as(A)
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where as(A) is the strong coupling constant measured at some energy scale A. Often
one chooses A = my ~ 91.188 GeV at which as(myz) = 0.1179 £ 0.0010 [66]. By
rearranging the above equation, we find the famous expression

as(A)

11 4
1+ —O‘ZS‘:\) Bo log /’{—z ’

= —Cxr— =nTk. 2.60
Bo 5 Ca—gnyTy (2.60)

Qs (M)

Here ny is the effective number of active flavours below the scale . Now it is possible
to see the fundamental behaviour of the strong coupling constant: being Gy > 0,
since ny < 17, when we increase the energy scale p, as(u) becomes smaller. This
phenomenon is referred to as asymptotic freedom [30, [52].

At this point, it is important to fix an energy scale with respect to which we define
the UV and IR phases. We can rearrange eq. in a suitable way as

w2\
1 : 2.61
folos (AQ)] 61

that defines a new constant called AQC In reality, Aqcp is not completely defined
at LO. One has to evaluate at least the NLO solution to the RGE for o which
requires the calculation of the 2-loop corrections. Without going into the specific
calculations, we give here the second order contribution to the beta function which
is needed for the NLO solution of the RGE for a;

34 20

B = Ecg = 5 CaTing — ACeTony. (2.62)

The solution to the RGE for «j is therefore

as(p) =

47 é log log K—z

_ _ 2.63
Bo log X—i Bg log /‘{—2 ( )

s ()

If we include higher-order corrections and measure the value of s at some energy
scale like as(my), one finds that Aqep ~ 250 MeV. At energies below Aqcp, the
theory becomes strongly coupled and therefore ordinary perturbation theory breaks
up and we need to use non-perturbative techniques to find meaningful results like
lattice QCD. In some regimes, there are other theories like Chiral Perturbation
Theory (ChPT) [51] and 1/N expansion [58] that contains the main features of QCD
but are not an exact solution like lattice QCD.

Note that in the MS scheme, the slope of the curve changes whenever we cross a
quark mass threshold. This is because 5y depends on the number of active flavour
below the scale p so, if we go from p ~ my to p ~ me, the active flavours go from
ny =5 to ny = 4 thus changing Jy.

HNote that if we started with a mass-less theory we would have gotten the same result. Hence
a completely arbitrary energy scale has appeared even although the theory was scaleless to begin
with. This phenomenon is known as dimensional transmutation.
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Appendix A

Mathematical Tools

We give here a brief mathematical appendix on the relevant methods and integrals
which can commonly be found in field theories when evaluating loop diagrams.

A.1 Feynman Parametrization

The Feynman parametrization is a very useful tool that is employed almost every
time one has to isolate divergences from loop integrals.
The simplest Feynman parametrization is the following

1
dedyd(z+y—1)— Al
/x yolw+y )[:cA+yB]2 (A1)

AB/ A+BA

which can be easily proven. The powers in the denominator can be raised by simple
derivation
1 B ( 1)1171 8n71
ABn_(n—1yaBn1AB

n—1

ny
dedyd(z+y—1)———0e. (A2
/ zdyd(@+y )[J:AerB]"“ (4.2)

More terms in the denominator can be added by simple iteration of eq. (A.1

1 11 1

1
[zA+ yB + 2C]*

(A.3)

From this, one can get the most general formula which gives

1

Zk k) / ﬁ zk Lday, 5(2 Tp — 1) [ 1 . (A4

)y i h=1 Sopy AR 2ok

-

where T'(z) is the Euler gamma function.

A.2 Scalar One-Loop Integrals

Here we give a list of interesting integrals which come up in this notes. The general
scalar one loop integral with n external massive legs, with masses m;, carrying
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momentum p; is of the form

d 1
I = / N N BEE]
(2m) [(0+p1)?2 — m3 +i€e] [(€ 4+ p12)%2 — m3 +ie] - [( + p12..n)? — M2 + i€]
(A.5)
where we employed dimensional regularization, ¢ is the loop momenta and pis..., =
Using the Feynman parametrization eq. (A.4) we can write

1
_ " At Sy a— 1)
I_F(n)o/ kgd““"“/ Cn)d (S, o Ax (4.6)

where

Z AR = Z Tr [(ﬁ + p12...k)2 — mi + ie}

=042 (Z 5Ukp12--~k;> +
k=1

=0 +20-P+ K?+ie.

. (A.7)
o (i i)
1

n
k=

Therefore, by substitution in the integral and translating the loop momentum
integration £ — ¢ 4+ P, one gets

n

1
N d4e 1
I:r(n)/]}‘[ldmk5<2xk—1>/(%)d e i (A.8)
o k=

k=1

where m? = K? — P2. The integral over the loop momentum can be performed
by Wick rotating the temporal ¢° coordinate and then using polar coordinates in
Euclidean space. Therefore the integral I becomes

1
=I'(n i x Y Tk — dﬁéﬂddilg -
I =il( )O/Hd k6<§_: ’f 1)/ (27)d (_(e(f;i)?_ W—m2)"

1
_ (VM) [ - b
= Wo/dek(S(Z:Uk_l) /ddefE%anQ)n

1
B VLN (01 Y2 S AN - S C N DAV
T 2(2m)d B(z’ Q)O/kHldka(;lk 1)() : (A.9)

where in the last step we changed variables = = m and used the definition of
E

the Beta function .
Bla,b) = / dz 2~ (1 — 2)P L. (A.10)
0
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Ending with a few manipulations on m?

n 2 n
m?=P? - K? = (Z xkpl...i> - Zxk(pfz —m? + ie)
i=1 i=1
n n n n
= Z aZpt 42 Z OGOGP1. iP..j — Z aipl_; + Z aym; — e

i=1 i>j
= —Zalz%pl q +2204@04]p1 APl +Za,m — 1€
=1 Jj#i 1>7
2
= Z Qiapt ; — Z QDL D1 (A.11)
i>j i>]
n n n
2 2y
= oGPt = > ogoaprgpro + Y amy — e
>0 Jj>i i=1

= - Z QiO;P1..iDj+1..4 Z QiO;P1..iDi+1..5 + Z azm — i€

i>j j>i =3
= —ZO@O&]PJH z—i—ZaZm —ie=A.
i>7

In summary

1
L i d\ [ n 1

A.2.1 One-point Green Function

The integral for the one point Green function, which appears in tadpole diagrams, is
given by

de 1 _ZF( d—2
AO(m2):/(2w)d€2—m2+ie: (4m)d/2 /dxéw—l)(mm —ieF

il (252
= (Zlgr)z/Q)<m2 —i€) 2 .

(A.13)

When the mass of the particle propagating in the loop is zero we get that Ag =0
which is what we expect since there are no dimensionful variables that carry the
dimension of Ay after integrating.

When m # 0, defining as usual d = 4 — 2¢, the integral diverges as 1/e as € — 0, in
fact

i (Am)T(1+¢)

Ao(m®) = 1672 €(1—¢)

(m?)1-<. (A.14)
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A.2.2 Two-point Massless Green Function

The two point function is more interesting in our case, in particular when the
particles in the loop are considered massless. If the particles in the loop are massless
my = mg = 0, the external particles need to carry a non zero momentum p? # 0
otherwise the whole integral would be zero just like Ag. The integral is given by

d%e 1
Bo(p?) = / (2m)4 [02 + i€][(£ + p)2 + in]

i 4—
= (Z /dxdy6($+y—1) ! —
(4 (—zyp? —in) 2
ZF<;) 1 4—d (A.15)
:U47r)‘21/2/0 dz (:E(l—:v)(—pQ—in)) ?
R et )
= Tam T iy
Choosing d = 4 — 2¢ we have
l T)T(e)I?(1 — ¢
Byp?) = g VOO (e (A16)

1672 T'(2—2e)

In the limit ¢ — 0, the multiplicative factors are finite and amount to a one, while
we have to deal with the p? term

(—p? —in) ¢ =1- elog(—p2 - m) + O(e%). (A.17)

When p? < 0 the logarithm is perfectly defined while if p? > 0, then —p? — in is a
complex negative number with a small imaginary part, so that is below the branch
cut for the definition of the logarithm. In this case

(—p® —in) ¢ =1- e{log(p2) - 2‘71'} + O(e%). (A.18)

In general

i I? 2
Bo(p?) = 167{21{(;_25[1 ’YE—10g<—f;>+O( )1 (A.19)

where the factor (47)¢ has been absorbed into the factor (—p?)~¢ and the I'(¢) has
been expanded

€

D)= < +9(1) + &

7§+w2(1) —w’(l)] + O(e%), (A.20)

where (1) = —vg is the digamma function evaluated in one and (1) = 72 /6 is its
derivative.
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A.3 Passarino-Veltman Tensor Integral Decomposition

Up to now, we have only dealt with scalar integrals. For tensor integrals, we can use
the Passarino-Veltmann [48] decomposition with which, in many cases, we can go
back to a scalar integral times some tensor quantity that depends on the specific
form and properties of the integrand. We will give now some useful examples that
we will use throughout the notes.

A.3.1 Vector Two-Point Function

Let us first compute the simplest tensor integral

dde e
B*(p) :/(27T)d€2(€—|—p)2’ (A.21)

where p? # 0 and we employ dimensional regularization. We can easily see that the
only relevant 4-vector on which the integral can depend is p*, therefore we can write

B"(p) = By1p". (A.22)

In order to find the coefficient, we can just project onto p* and get back to a scalar
integral

dt¢  p-¢
_ 2 _
puB(p) = Bup® = / G BT ) (A.23)
Since (¢ + p)? = p? + £2 + 2p - £ we have that
1
p%zQ{(ﬁ—i—p)Q—ﬁ—pﬂ. (A.24)
Using this in the integral we have
1 [ d¥ |1 1 p?
2By, = 7/7 — - - A25
B ) emi|e T @ P (4:29)

but this are just scalar one-loop integrals of the form of eq. (A.15), therefore

2 Bo(p?) .

p*Bi = —%Bo(pZ) = Bu=-— (A.26)

This gives us the final result

2
B*(p*) = —Boép Lo (A.27)
This computation gives the basic idea behind the Passarino-Veltmann decomposition:
if we have a general p-tensor integral, we list all the possible p-tensors upon which
the integral can depend. Then we project on such tensors by simply contracting the
integral with them and one obtains a set of linear equations that can be solved to
find the coefficients.
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A.3.2 2-Tensor Two-Point Funcion

We would like to compute now the 2-tensor two point function, which is a tensor

integral of the form
dde v
" (p) = : A2
5™ (p) /(27T)d (0 + p)? (4.28)

The only 2-tensors we can construct are p#p” and g"”, therefore

B*"(p) = Ba1p!'p” + Baag"”. (A.29)

By projecting onto the two tensors

} e
puB" (p) = (p Boy + 322 =3 @n) 2l 1 p)? {(E—Fp)z — 02 —pﬂ, (A.30)
5 de 02
guwB" (p) = p?Boy + dByy = / en 2+ p)? =0. (A.31)
From eq. (A.31) one obtains that
p?
Byy = —3321, (A.32)
while from eq. (A.30)
v 2_p72 By = — 1/pr11 (A 33)
p d 21 = —P o .
which gives
d BH d Bo(pg)
By=———=—— A.34
ATa-12 T d-1 4 (A.34)
and consequently
2 B 2
By = in ). (A.35)
Therefore )
1 p
Y (p) = —Bo(p*)p"p” — =~ Bo(p*)g" | A.
BY(p) = o= | 3 Do )p"'p” = 7 Bo(p7)g (A.36)
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