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Preface

T’ll begin with a big disclaimer: this notes are not meant to be a full on course on EW
theory, they’re just a collection, and a summary, of what I’ve gathered during the semester.
The idea behind this notes is to improve the notes given by last years students, making
them more fluid and organized. Many of the subjects will be taken from their notes as well
as mine and from various books that I’ll highlight through the notes.

The electroweak interaction course is a though one and I'm not in the position of saying
that I've understood very well the subject, but by writing this notes I hope to lay down
my understanding and hopefully study in a better way.

TI’ll leave out some sections that prof. Martinelli will do at the start of the course since
there are his well made notes and I feel that on the subject there’s enough coverage.

BE AWARE: there may be many errors that I didn’t catch yet, I urge you to be a
critical reader and to second guess any of the things you read in this notes. If you find that
there could be some error at some point, write me an e-mail and I’ll make sure to rectify
it! Many thanks.



Introduction

Standard Model is a physics theory considered one of the most important results of the last
70 years concerning the comprehension of the particles and the fundamental interactions of
the Universe. Despite this theory would find huge success and be deemed totally correct,
currently Standard Model is not satisfactory yet because of some problems:

1. Gravitational interaction is not included in the Standard Model.
2. Neutrinos have no mass, even though it was discovered in 2015.
3. There is no explanation for the presence of the dark matter.

4. There is no explanation for the baryon asymmetry (we don’t have data to explain
that).

There is another problem related to the mass of the Higgs boson whose value is my =
(125,18 40,16) GeV/c?. Since the Higgs field permeates all the space like the gravitational
one and that the relative boson gives mass to the gauge bosons (and also to itself), it
certainly interacts with the gravitational field. Consequently, the mass value of the Higgs
boson is modified by quantum corrections that bring it to an order of magnitude of 10
- 10*® GeV, comparable with the Planck energy scale (10*® GeV). The problem arises
when we realize that, experimentally, the value of the mass always remains the same as the
starting one but there is no protection mechanism that cancels the correction terms: this
is the so called hierarchy problem.

1 Fundamental interactions and its constituents

It is possible to summarize all the possible ways in which particles can interact through 4
fundamental interactions: gravitational, electromagnetic, weak, strong.

Interaction Mediator Range (m) Intensity Symmetry
Gravitational Graviton 00 0(10742) U(1)
Electromagnetic ~ Photon 00 0(1073) U(1)
Weak W+, 70 0(10718) 0(1079) SU(2)
Strong Gluon 0(1071?%) 0(10™h) SU(3)

1.1 Gravitational

The gravitational interaction involves all existing particles and extends throughout space.
The gravitational potential is:

N 2
Tz Gy = (6,67408 = 0,00031) - 1071 =

V(r)=-Gn . kg?

(1.1)

The mediating particle of this interaction is called graviton and it is assumed to be a spin
2 particle. Unfortunately, it has not yet been revealed, due to the very low intensity with
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FUNDAMENTAL INTERACTIONS AND ITS CONSTITUENTS

which it would act on the particles; the coupling constant g is

G
g = SN2 _ 51042y (1.2)
he
Moreover, it is possible to obtain the value of the Planck mass, a useful parameter for the

Planck energy scale

g
Mpianck = é — 1,2209- 10" GeV’ (1.3)

1.2 Electromagnetic

The electromagnetic interaction, with which it is possible to make parallels with the grav-
itational interaction, involves all those particles that carry electric charge or magnetic
moment and extends throughout the space.

The electromagnetic four-potential A is defined as A = (¢, A), where the time component
¢ represents the electric potential, while A the magnetic one, and is built such for which
it is worth

0A

B=VxA (1.4)

The particle mediating the interaction is the photon, which has zero mass and charge and

1
spin equal to 1. The coupling constant is the fine structure constant a >~ 37

1.3 Weak

The weak interaction involves only the leptons, quarks and related gauge bosons. The
potential that describes this interaction is:

Vir) = 22 exp (— My e r) (1.5)

where g,, is the dimensionless coupling constant and M,, the mass of the mediating particle.
Since it describes the decays of atomic nuclei, this interaction acts over very short distances,
so the mass of the mediating particle can be assumed to be very large, approximately
M,, ~ 80 — 100 GeV/c?. In this way, the distance over which the weak interaction acts

turns out to be: B

M,c

which is compatible with experimental data.

~2.-107%¥m=2-10"% fm (1.6)

To

The coupling constant for the weak interaction is not the dimensionless constant g,,, but
the Fermi constant G g, introduced in 1934 within the Fermi theory to try to describe the
interaction in the decays of the atomic nucleus, which turns out to have the dimension of
a quadratic inverse energy, i.e.

_ V245
8 M2

Gr =1,1663787-107° GeV 2. ¢! (1.7)

This result is obtained if we use the value of the W bosons as the mass value, that is
(80,385 + 0,015) GeV/c?.

1.4 Strong

The strong interaction involves quarks and gluons and explains why the protons inside the
atomic nucleus do not repel each other due to Coulomb repulsion. In 1935 the Japanese

Electromagnetic
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PARTICLE INSTABILITY

physicist Hideki Yukawa hypothesized a mechanism based on such a potential that the
relative force was of an attractive type and more intense than the electromagnetic one; this
potential is defined of Yukawa and is

Vir) = % p <— MS%) (1.8)

with g dimensionless coupling constant of the interaction and M, mass of the mediating

particle, renamed mesotron, since Yukawa’s calculations show that the value of this mass
should be more or less halfway between that of the electron and that of the proton, that
is 100 — 200 MeV. Moreover, since this particle is exchanged between nucleons (protons
and neutrons), considering all possible combinations, Yukawa assumed that such a particle
exists with positive, negative and neutral charge. With the discovery in 1936 of the particles
redefined later muons, Yukawa hypothesized they were suitable candidates to mediate the
strong interaction, but Conversi-Pancini-Piccioni experiment refuted this idea, since these
particles do not interact with the elements of the nucleus. It was necessary to wait until
1947, with the discovery of pions from cosmic ray (whose mass is around 135—140 MeV), to
find the suitable candidate to be the mediating particle. Only with the introduction of the
quark model, in 1964, the theory of strong interaction was completed, introducing gluons as
massless particles mediating the interaction that perform the action of glue between quarks
within nucleons, that is protons and neutrons; these particles generate an attractive force
that overcomes the repulsive Coulomb one and manifests itself through the exchange of
pions.

The distance over which the strong interaction acts turns out to be

r

= ~1,5-107% m=1,5 1.9
T m=1,5 fm (19)
and it is compatible with the radius of a generic atomic nucleus, while the intensity of the

coupling constant is
2

9s _ +1
- =0(10") (1.10)

2 Particle instability

It is possible to distinguish under which interactions a given decay can occur not only by
evaluating the transition amplitude, but also by estimating the life time of the particles,
since there is a parameter that allows to make this connection: the decay width I'. In
detail

0= 205 v ] orB (21)
f

representing Fermi’s golden rule, where the matrix element of 1% expresses the amplitude
of transition from a state ¢ to a f, while the other formula is

r=- (2.2)

with 7 average life time of the considered particle. Thanks to this we can say that

1
AP ~ = (2.3)
.

When studying the interactions between particles, it is generally useful to consider an exter-
nal perturbation. For example, using the interaction of a particle with the electromagnetic



PARTICLE INSTABILITY

field, we will have the Hamiltonian of the type H =Hy+V, with V = J - A, while the
wave function will be

(@, t) = vo(z) exp (—Z(E_,jr")t> (2.4)

where I',, represents the resonance width and is related to its average life through the
formula 7, = h/T",. The 274 order eigenvalues will be

| (k[ V) [?
E, + (n|V|n) +§:E“ 50 (2.5)

The probability of being at a certain energy level n will decrease exponentially

r, t
P, = |A]* = b, = exp (t> = exp <) (2.6)
h Tn
The probability amplitude that allows to define the probability P, is of the form
AB)~ (27)
E—E, +i% '

so
1

~ R (2.8)

P(E) is what is called Breit-Wigner function and is used in High Energy Physics to
model resonances, i.e. unstable particles.

Figure 1. Breit-Wigner distribution

The form that this formula takes arises from the propagator of an unstable particle,
which has the denominator of the form

1 1
= 2.9
p? — M2 +ie p3— E?+ie (29)

If we call the interaction propagator S(x,t), we will have

dko d3k zk(w o)
S(l‘—xo,t—to / / 271_ 3 k2 M2+i€ (210)




POTENTIAL DESCRIPTION

Setting xo = 0, we write

S(p,t) = /dgx eP*S(z,t)

diey [ d3k i L
— “nro 43 ipz i(p—k)x 211
/27r (2m)3 kg—k:2—M2+ie/ ree (2.11)

(27r)36(p —k)

Therefore

[ dko i
S(p’t)_/%kg—(pQ—FMQ)—l—ie

[ dko i

_/%kS—EQ(p)—H'e (2.12)

Considering two different paths, namely the one in the upper half plane and in the lower
one, using the residuals method I get

efiE(p)t 0

28 "7
S(p.t) =

etE(p)t

%, o < 0

In the event that the particle is unstable, the resonance width should also be considered
and the denominator of the propagator has to be in the following form

1
pi — (VE?(p) —iMT) + ie

(2.13)

and the poles will be Ey o = F/E?(p) — iMT. When the particle has low instability,
it is possible to develop the propagator in series, obtaining the denominator

E(p)4/1— ;];4(;) ~ F(p) <1 — %) (2.14)

3 Potential description

By observing the potentials that describe the fundamental interactions, it can be seen that
all of them depend on the distance between the particles in the form 1/r; it is possible to
mathematically describe this evidence.

3.1 3-dimensional case

Let’s consider the electromagnetic field. The free field wave equation is described in this
way

( e VQ) o(r,t) = dmp(r,t) = 5V (r,1) (3.1)

In order to do simple accounts, we consider the stationary case; the previous equation
transforms in the Poisson equation

~V2¢(r) = 63 (r) (3:2)



POTENTIAL DESCRIPTION

We first solve this equation in Fourier space, where

r) = d*q lar 3) () = ﬂeiqr
o) = [ et 89w = [ 55 (33)

Recalling that the V2 operator acts only on the r coordinates, we obtain

d3q 2 _igr _ d3q iqr
[ v = [ e

d3 2 iqr d3 iqr
[ o = [ e (3.4

1
7

Now that the potential in Fourier space has been obtained, the potential in space is calcu-
lated r

By comparison

elq) =1 = ¢(q) = (3.5)

dSq eiqr

o(r) = / G (3.6)

Now the spherical coordinates are used

¢( ) 1 27Td 7rd o ood gzeiqrcosa
r)= ——= cos
<2w>3/o ‘) ), 7

1 e ™ . 1 0 elar — e—iqr
= d dcosf etdmeos? — dg—o 3.7
(2m)? /0 q/o osre 2712 J, e 2iqr (3.7)

The change of variable is performed (z = ¢qr, dz = r dg) and in this way we obtain an
integral with the known result

o(r) 1 /Ooodzsinz: 1 z:i (3.8)

~on? r o oz 2m2r 2 Anr

3.2 D-dimensional case

Now we perform the calculations by extending the equation (3.2) in the general case to D
dimensions

~V2¢(r) = 6P (r) (3.9)

The accounts in this case are to be performed identical from equation (3.3) to equation
(3.4), remembering to generalize to D dimensions. Here too we get the same result of
equation (3.5).

To be able to run the accounts more easily, use the Schréodinger parameter to rewrite better

1 o0 :
7 :/O dp e=P¢’ (3.10)

You can rewrite the potential as

> qu iqr—Bq> > dg iqie1—Bq; dgp igprp—Bah
¢>(r)_/o dﬁ/i(%)[)e _/0 dﬁ/ﬁe /ﬁe
(3.11)

Every single integral dg; can be solved using a Quantum Mechanics formula

2 B2 (0
—(Az“+Bz+C)
/dme = exp < —C) A/ (3.12)

D-dimensional case
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POTENTIAL DESCRIPTION

In the end we get

D/ 2

2 o) _pJ2 D 72
o) = Ggmm [ 495 [[ew (‘w)
aD/2 oo 3 3. a2
_ / i
_(27T)D/o dg g D2exp< 15 )
B 71_D/2 0o iy r2
-G |, 9 e (-55)
Now we change the variable 5 = 1/t, hence
B abrz 0 dt D/ r?
0= Gy [ (- e (=51

A 2
= — Ltz ——t
<2w>D/o eXp( 4 )

Using the formula for the Euler’s gamma

1
/dt t“ 67[326 = WF((X + 1)

D/2 r4NETL /D r(2-1
¢<T>:(;T>D(r2) F(fl)zhﬁizra)z

It is possible to rewrite this equation knowing the property 2I'(z) = T'(x + 1)

r2 -1 D_1
¢(T): 47T(Dz/2 ,',‘D)_Q Eé_];

we’ll have

(%)

2 7D/2 yD=2 (D — 2)

1
Q(D) rP=2 (D — 2)

r(2
where the solid angle variable has been defined Q(D) = 5 ( D2 /)2 .
T

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

Using the equation (3.17) we analyze the two-dimensional case. We can see the presence

of a divergence for D = 2. To tackle the problem, we introduce a parameter € > 0 as small

as you like in order to redefine D ~ 24¢ and perform a development in series. It is possible

to observe how some parameters are developed

21 2
pP=2 — pe —gelnr o 1+eln(r) + en\ r;(r) +O((sln(r))3>
D € e €

with vg = 0,544. So you can rewrite the potential as

2

1 1 1
o(r) ~ 2—%(1 —’yEg - %lnﬂ'—elnr) =g E(VE +In7+2Inr)

(3.18)

(3.19)

D-dimensional case
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POTENTIAL DESCRIPTION

The term 1/(27e) has a singularity point for which there may be divergence, but the
potential is always defined up to a constant, therefore choosing as constant

3 In(r/rg)
2

it is possible to delete this singularity.

For D = 1 we will have a potential written in the form ¢(r) = a + b - r; the potential

no longer follows the characteristic 1/r trend. In other words, the concept of potential
has changed according to size; it will no longer be like the inverse of the distance, but it
will be linear. To better understand this concept, an example can be made by looking at
figure 2. The mouse, which has a size equal to the diameter of the tube, will only be able
to move in one direction (back and forth) while the movements up and down and left and
right will be prevented; it will have a one-dimensional conception of space. The flea, small
enough, will not have the same difficulties as the mouse and will be able to move in all
directions; it will have a three-dimensional conception of space. Depending on the size
of the observer, the space will be perceived differently and some conceptions will change.
This idea could be innovative for the purpose of discovering the graviton; until a few years
ago no one had thought of studying the effects of gravity for orders of magnitude lower
than e¢m, so modern Physics is setting itself the goal, in the coming years, to study gravity
under these conditions and to observe hypothetical changes to the potential.
It is possible to develop a model to describe a linear potential by creating a new magnetic
monopole using two different magnetic monopoles, as can be seen in figure 3. We obtain
a new magnetic monopole at the local level for which the magnetic field flux will not be
zero due to the presence of the two magnetic monopoles. If we now place ourselves in a
superconductor, at temperatures close to absolute zero, we can observe how the flux lines
of the local magnetic field follow a linear trend, in order to minimize the volume of the
field itself, as can be seen in figure 4.

This model is the basis for explaining the potential between quarks and gluons. Unlike
all other particles, quarks and gluons exert a reciprocal force such that, as the distance
between the two particles increases, the intensity of this force increases, as if there were a
linear potential in distance. This would also explain why quarks and gluons do not exist
isolated in nature but lived in a state of confinement.

D-dimensional case 9

Figure 2. Mouse and flea in-
side a sewer pipe. The two ani-
mals will conceive the surrounding
space differently

Figure 3. Local magnetic
monopole where V- B = py #0

Figure 4. In a superconductor, at
T ~ 0 K, a linear magnetic flux is
observed



Elements of Group Theory

Group theory is one of the most important subject for the study of elementary particles
and their properties. They come up since in physics we're very interested in symmetries
and group theory serves us a very strong mathematical tool to study them.

In particle physics we’re interested in a particular type of groups, the so called Lie
Groups. The mathematical foundations upon which groups and Lie groups grow on, won’t
be treated since it’s a very deep subject and, for the time being, it’s not so relevant for our
analysis. For the inclined reader I'll leave some snippets on the deeper meaning of some
stuff.

4 Some definitions

4.1 An explicit example

Before mentioning the definition of a group, we’ll see a well known example from which
the idea of group can be easily understood. Take a point (x,y) € R? and apply a rotation
to the well known transformation rule

2 =xcosg+ ysing (4.1)
Yy = —xsin¢ + ycos '
that can be put in matrix form
Rg)= [ €52 S0} v Rgr. (4.2)
—sin ¢ cos ¢

I could take two successive rotations and it would be clear that
r"" = R(¢2)r" = R(¢2)R(¢1)r (4.3)

or a could take a single rotation with an angle ¢; + ¢2 and get to the same point. This
means that

R(¢2)R(¢1) = R(¢1 + ¢2) (4.4)
By much the same argument we can conclude that
R(@)R(~9) =1 = R™\(¢) = R(~9) (4.5)

Moreover, in two dimensions we have that

R(d1)R(p2) = R(d2)R(1) (4.6)

In three dimensions things change. First thing first we have two angles of rotation around
an axis w, we call them ¢,,,0,. Every rotation is therefore defined by three parameters
w = (cos ¢y, sin 0,,, sin ¢, sin G, cos §,,)w. In vector form, a rotation is given by

r' = Rw)r = z, = R;j(w)z;. (4.7)

10

This can be easily calculated us-

ing row by column matrix mul-
tiplication.



SOME DEFINITIONS Groups and representations

The characteristic property of rotations is that they leave invariant the scalar product,
given v, w € R3 and (v, w) = v;w;, where Einstein summation convention is understood

(’U/LU) = (’1)1710,) — ijinikwk = vjéjkwk — Rinik = 6ik (48)

So a rotation matrix is an orthogonal matrix since R~ (w) = RT(w). In three dimensions
relation 4.6 doesn’t hold anymore.

4.2 Groups and representations

All the properties that rotations have are exactly the ones that define a group! Mathemat-
ically a group is defined as follows

Definition 4.1. A group (G, e) is a set with an operation
. GxG—G

with the following rules

e VfgeG = fege(

VfgheG = fe(goeh)=(feg)eh
e JecGst. fee=ceof VfeG
e Vfel JfleGst foefl=flef=c¢

Whenever e is commutative, G is said to be abelian. A group can either be continuous
or discrete depending on the number of elements of the group.

Most of the time the operation e on G won’t be explicitly written and will be under-
stood.

As said before, rotations belong to what is called orthogonal group. This is its
definition

Definition 4.2. Given an n-dimensional vector space V equipped with a pseudo-inner
product (-,-) with Sylvester signature (p, q), we define the set

O(p,q) :={¢:V = V|Vo,w € V: (¢(v), p(w)) = (v, w)} (4.9)

together with function composition operation as the orthogonal group.

If this definition seems quite abstract it’s because it is. A group is an abstract object.
To make the group practically useful we use a representation. As we’ve seen before,
rotations are elements of the orthogonal group and we wrote them down explicitly using
matrices: we used a matrix representation of the orthogonal group. Representations are
not unique and there are many of them depending on the space upon which they act.
The theory of representations is quite important in physics, so we’ll give now a proper
definition

Definition 4.3. A representation of a group G is a mapping D of the elements of G

onto a set of linear operators
D: G =5 End(V) (4.10)

where V' is some finite dimensional vector space, with the following properties

11



SOME DEFINITIONS Groups and representations 12

e D(e) =1, where 1 is the identity operator in V'

e D(g1)D(g2) = D(g192) ¥V g1,92 € G, in other words the group multiplication
law is mapped onto the natural multiplication law in the space V. This is
understood since we defined D as an isomorphism.

Let’s make an example considering a quantum state 1 described by the angular mo-
mentum L. For every possible value that the angular momentum can take, the state ¢ will
be described by a linear combination of possible states; for example, for L = 1 the state
1 will be a linear combination of 3 possible states, those for which [, = +1,0,—1. If I
twlL

perform the unitary transformation e*’*, considering all the possible values of the angular

momentum, I will have
) = e L) = 10,0y © e“E([1,1) @ [1,0) @ [1,~1)) & ... (4.11)

where each single term is the representation of an element of the angular momentum. In
matrix terms I will instead have a block representation

1x1

, 3x3
) = 5x5 ) (4.12)

We will therefore say that a representation is reducible when it is possible to decompose it
into a direct sum of non-decomposable subgroup representations (equivalently a representa-
tion in matrix terms is reducible if it is possible to describe it by means of block matrices).
A representation will instead be irreducible when the decomposition into representations
of subgroups is not possible.

We'll see many representations of the various groups that are of some importance in particle
physics like SU(2), SU(3),U(1),S50(3,1) etc.

Using the matrix representation we can give an easier definition of the orthogonal group

Remark. The orthogonal group is the set of all matrices
O(p,q) ={0 € GL(p+¢,K) | 00" =1} (4.13)

where GL(p + ¢, K) is the general linear group over a generic field K.

Remaining on the rotation group example. We see that another property of the or-
thogonal matrices is that

det(0T0) = det(OT) det(0) = det(0)* = det(1) =1 = det(0) = +1 (4.14)

and so we can subdivide the set in two sets: one with the matrices with unitary determinant
and one with determinant —1. Notice that i said that we divide into two sets and not into
two groups. This is because only one of those sets is a group, mainly because the set with
determinant —1 has no identity element. Therefore we define the following

Definition 4.4. A subgroup H < G is a group closed under the product e on G
restricted on H
o, :HxH—>H (4.15)

The rotations for which det(O) = 1 are called proper rotations and are indicated by
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SO(p,q) < O(p, q), the others are called improper rotations and are given by the proper
ones times a parity inversion

~10 0
P=|0 -10 YO € SO(p,q) = det(PO) = det(P)det(O) = —1  (4.16)
0 0 -1

4.3 Orthogonal and Unitary group

We take a short look now at some properties of tho orthogonal group and then introduce
another very important group in physics, the unitary group.

From the definition of the orthogonal group, we would like to find how many parameters
one need to fully describe the elements of O(N). Surely, which can be easily seen by the
matrix representation, we’ll need at least N2 parameters. Some of them are redundant.
From the condition OO = 1 we have that, using again the matrix representation,

(vi,v;)) =0 (v,v)=1  Yuv,v;€VCRY (4.17)

The first condition of 4.17 constrain N(N — 1)/2 parameters, while the second constrain
N parameters. So we can describe an element of the orthogonal group using

NN-1) o NN-1

N? —
2 2

(4.18)

elements.

Another very important group in particle physics is the unitary group. Let’s speak
of the unitary transformations U, which leave the system unchanged and act only on the
internal indices; we will therefore speak of internal symmetry. In detail

") =U; |¢7) (4.19)

The characteristic of these transformations is that (UJf);(U)f€ = 8¢, or simply UTU = 1.
As for the orthogonal group, we determine the number of free parameters for the unit
group. The number of total parameters that define a unitary matrix are 2N?, since they
are defined for both the real and the complex part. To this the unitarity constraint UTU = 1
must be removed which translates, in terms of matrix lines, as (v;,v;) = 6;5. For i = j
must be 1 and you will get a result similar to the orthogonal case, except that you must
also consider the complex part, therefore N(N —1). For ¢ # j must be 0; the complex part
is not considered, so we will have N. The free parameters will be

2N? ~ N(N —1) — N = N? (4.20)

Starting from the determinant of the matrices of the unitary group, it is possible to
express the sign as if it were a phase, that is

U(N) = (e")SU(N) (4.21)

SU(N) indicates the group of special unitary matrices, which have the property of having
the determinant equal to +1. The number of free parameters for the matrices belonging

Orthogonal and Unitary group

Just as a notation O(N)
O(p +¢,0).

13
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to this group will be the same as that of the unit matrices to which, however, another
constraint must be considered, namely that of selecting only determinants with a positive
sign, therefore

2N? - N(N—-1)-N-1=N?—-1 (4.22)

The main consequence of having only positive determinants is that the special unit matrices
are all traceless. In fact, by renaming the generator of this group C:'i, that is

N N2
SU(N) = I + iGia; = e 2=y o) (4.23)
we’ll have
det(SU) = [[ eli@ ) = 0T Greid) = 1 (4.24)

9

For the equation 4.24 to be verified, it must be Tr(G;«;) = 0, that is, zero trace.

5 Representation theory

A representation will be defined adjoint when the number of elements of a representation,
that is the generators, coincides with the number of free parameters of that symmetry
group.

5.1 Lie algebra

5.2 Cartan Subalgebra

5.3 Schur’s lemma
6 Composition of various representations

6.1 3®3and3®3
6.2 33®3
6.3 8®8

14



The Quark Model

7 The Heisenberg model of nuclei

In the early days of particle physics where proposed many ways of explaining the whole
set of particle that were found by scattering experiments. The particles where so many
that everybody thought that it would be impossible for them to be elementary. Another
problem that they had to explain was that certain particles were produced always together.
One of the first way in which symmetry was used to describe an experimental evidence was
by Heisenberg: it was evident at the time that proton and neutrons inside a nuclei behaved
in much the same way if it wasn’t for the electric charge. Isotopes had the same energy.
Now we know that, by looking at the scale of EM interactions with respect to the the
strong interaction which binds the nucleus together, inside nuclei protons and neutrons do
not experience EM interactions or at least they are much suppressed.

Heisenberg proposed to introduce a new quantum number, the isospin. Much like the
Dirac index for spin 9, we could define a nucleon with a Dirac index

No(z) = (pa(x)) + proton (7.1)

! nq(x) ] <+ neutron

Dirac index

where the operator for the isotopic spin 7 has eigenvalues for the projection on a given
"axis" ] 1

h = 3 Ty = —3 (7.2)
The isotopic spin is the quantum number associated with the symmetry which changes
protons with neutrons because we know that, inside a nuclei, protons and neutrons are just
the same particle. This symmetry is a sort of rotation, given by a unitary transformation

U which transforms N, as

N (z)=U®B Ns(z) U :(ei%)ﬁa (7.3)

8 The Gell-Mann model of particles

What Gell-Mann proposed in 1964 was that any particle could be seen as made of 3 new
light particles called u, d, s, the quarks. In this model the three quarks form three states

Wy = 1) = (1,0,0)  |d)=[2=(0,1,0) |s)=[3=(0,0,1)  (81)

Much like the proton and the neutron are states of a single entity which differ only by
the isospin which, in turn, it’s the result of an underlying symmetry of nature, the group
symmetry of the quarks is SU(3) s, where f standa for flavour. The more general physical
state, such as a particle, is an arbitrary linear combination of these three quarks

u(z)
q(z) = u(z) 1) + d(z) [2) + s(2) [3) = | d(x) (8.2)
s(x)

15
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where u(x),d(z), s(z) are fermionic fields end are choose whether we want them to be
eigenvectors or not of some physical quantum number.

In SU(3) there’re only two diagonal operator which form the Cartan algebra, namely
the third isospin component 73 and the hypercharge Y, given by the Gell-Mann matrices

100 1 10 0
000 00 -2

Forming the Cartan algebra of SU(3) means that [r3,Y] = 0. Moreover, by hypotesis,
SU(3) is a symmetry of the theory, thus the hamiltonian H must commute with the gener-
ators, and in particular with the Cartan algebra. This implies that we can find final states
which are simultaneously eigenvectors of energy-momentum, isospin and hypercharge, or
by using the Gell-Mann Nishijima formula

Y
we can define the eigenstates based upon energy-momentum and charge. Thus for the three

quarks the quantum numbers are

(TuquaQu): (;7;a§> (Td»Yd»Qd): <_;7:1,)’_;> (Ts;YsaQs): (0»_27_;>

(8.5)

We can now classify the baryons, made by three quarks, and the mesons, made by two

quarks, on the basis of the quantum numbers of their constituents. For example, a proton
is made by two up and a down quark

P = uud (8.6)

and it’s electric charge is @, = 1 = 2 Q, + Q4. The proton, as seen before, has isospin 1/2.
In a. non relativistic picture we can imagine that the proton is a wave function, written in
terms of the quark wave functions, all in a s wave configuration, being a spin half particle,

and has the form
Spin projection

P ~ (udt — utdyue=Tt (8.7)

This is a possible proton state: the wave function of the quarks is antisymmetric in both
the spin and the isospin and thus this corresponds to zero angular momentum and isotopic
spin. Thus the spin/isospin of the proton is fully given by the external quark.

Within SU(3), mesons and baryons must be organised in irreducible representations
of the group. Within a given multiplet, in the absence of symmetry breaking, the baryons
are degenerate, with a mass of the order of the scale of strong interactions Agcp ~ Mp ~
4m fr ~ 1 GeV, where M, is the mass of the proton and f, is the pion decay constant which
will be described later on.

8.1 Baryons

Baryons are particles made up of three quarks, so they must come from the product of
three fundamental representations of SU(3) which can be decomposed in the following
irreducible representations

33®3=198¢8 ©10 (8.8)

Baryons
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The lightest baryons are classified within one of the octets (figure 5), namely they belong
to the adjoint representation. In the quark model one can imagine that, in order to min-
imize the energy, they correspond to state where all the quarks have zero orbital angular
momentum and the spin of the hadron is just given by the spin of the three quarks. Within
the octet, it is possible to classify the states on the basis of the isospin which is a subgroup
of SU(3) > SU(2).
in the same 7 = 1/2 doublet, as are 2~

According to the idea by Heisenberg, proton and neutrons form are
and =%, which however are made up of two strange
quarks. The X9, ¥+, %~ form a triplet of isotopic spin 7 = 1. The A° is an isotopic spin
singlet 7 = 0. The strangeness is given by

S=Y-B (8.9)

where B is the baryon number and is given by the quadratic Casimir operators of SU(3)

100
010
001

B =g (8.10)

which is just a constant times the identity matrix, by virtue of Schur’s lemma. So every
quark has baryon number 1/3.

The octet is nearly degenerate in mass, as it should, with a mass

mg ~ 1100 MeV. (8.11)

If we take the quark masses to be zero, the masses of the hadrons should be around the
rage of strong interactions, namely 900 MeV. If we switch on the masses of the quarks, the
correction will be very small since

m, ~ 2,3 MeV mg =~ 4,8 MeV me ~ 95 MeV. (8.12)

Moreover, beside the mass corrections, there are the EM corrections which break isospin
symmetry. But this correction is very very small since o« = 1/137. So the SU(2) symmetry
of the SU(3) octet is a very good one, since the corrections are very small.

Remark. One would think that the 8 and the 8 would be degenerate in mass since,
=0and l =
degenerate. This result is just an accident since in the hydrogen atom there’s another

for example, in the hydorgen atom the representations with [ 1 are

underlying symmetry: the Runge-Lenz symmetry. This symmetry is easily broken

whenever we add relativistic corrections.

Beside the octet, the lightest baryons are classified within the decuplet (figure 6). The
decuplet baryons have spin 3/2. The decuplet is divided as follows: there are four baryons
with isotopic spin 3/2 with strangeness 0, the As. The average mass of the tetraplet is

ma = 1232 MeV. (8.13)

Remark. Let’s consider the AT particle. The wave function describing it will be

Y(x) (8.14)

= wspatial (I)wflm;our (x)"/)epzn (i)

and must be antisymmetric under particle exchange, according to Pauli’s principle.

In the ground state the spatial wave function is symmetric as the flavour one, since

Figure 5.
spin-% octet.

Baryons 17

The light baryon

A A S 2 AT
‘%id ddu - u'u, uu Q

Ve

"/

Z*Jr I

Figure 6. The light spin—% decu-

plet.
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it’s made up of 3 up quarks. This particle has +3/2 spin projection, so the spin wave
function is symmetric. This wave function violates Pauli’s principle for fermions,
so the physicist Greenberg introduced a new quantum number, in order to solve
this problem, the colour. This new quantum number must be antisymmetric under
particle exchange

ATT = uZuZuIEabc (8.15)

Then we have the isotopic triplet 1/2 with strangeness —1, the 3*s. The average mass
of the triplet is
my- = 1386 MeV. (8.16)

There’s the =*s doublet with I3 = +1 and S = —2, with an average mass of
mz« = 1533 MeV (8.17)

and, last but not least, the singlet state with I3 = —3 and S = —2, the famous 7, with a
mass

mq- = 1672 MeV. (8.18)

Remark. Remember that to every particle there’s a corresponding antiparticle, so
there exists a Q7 with chage Qo+ = +1 and Yo+ = +2.

Not all the members of the possible SU(3) multiplets have been observed. In some
cases these particles are unstable and decay via strong interaction. This means that their
lifetime is very small and consequently their width is very large. In this cases it’s difficult to
speak of particles since they are very hard to identify. Particles which only decay weakly or
electromagnetically, instead, have a much longer lifetimes and are much easier to identify
as Narrow resonances.

8.2 Mesons

Light mesons are made up of a quark-antiquark pair, therefore they correspond to the
tensor product of two SU(3), which is decomposible in the following way

33=138 (8.19)
where the octet is the traceless tensor

i T
My =q'g; = 304" @ (8.20)

and the singlet is the trace. Mesons come in a variety of types depending on their spin:

pseudoscalar mesons, which have spin-parity J© = 07, scalar mesons, with J* = 07,

vector mesons, with spin parity J© = 17, pseudovector mesons, with spin-parity J* = 17,

and tensor mesons with J? = 2%, Let us first discuss the pseudoscalar mesons (figure 7).
Take as an example the positive charged pion, formed by a par up-antidown quark

7t =ud (8.21)

Its isotopic spin is given by

|u>@|@=’;,;>@‘;,;>:|l,l> (8.22)

Mesons 18

Figure 7. Pseudoscalar meson
JE =0~ multiplet.
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and the electric charge is given by

1
+ - =1. 8.23

[SSR )

Q7r+:Qu+QJ:

Similarly, the isospin of the positive charged kaon K = w3 is easily found in much the
same way

ol =|53)el00=|33) (5.20)

and the electric charge
2 1

Qr+ =QutE@s=3+35=1 (8.25)
since the charge of the antistrange is the same as the charge of the antidown. The two
zero-isospin mesons correspond to a member of the octet denoted as 7, and the singlet 7'

They are given by the following quark-antiquark combinations
_ au + dd — 255 , tu + dd + 5s
X qA\gq = ——F——— xqlg=——F++— 8.26
1 o< GAsq 7 1" o qlq Nei (8.26)

In figure 8 we give the octet of vector mesons.

Mesons
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Figure 8. Vector meson J© =1
multiplet.




Ao* Theory

We will begin to study a simple toy model which will give us some basic formalism on the
perturbative expansion for interacting field. This toy theory is the so called A¢* theory,
and it’s the theory of a real (or complex) scalar field with a self interaction term. Although
it might seem a purely pedagogical example, this kind of theory enter in the physics of the
real world. For example it can describe the self interaction of the Higgs field.

9 Quick digression: the Yukawa interaction

Before starting with the quartic theory, it may seems reasonable to mention the Yukawa
interaction, named after Hideki Yukawa, that is an interaction between a scalar field (or
pseudoscalar field) ¢ and a Dirac field ¥ of the type

Lint = Ytpop) (9.1)

where Y corresponds to the dimensionless coupling constant of the interaction. A Yukawa
interaction can be used to describe the nuclear force between nucleons, which are fermions,
mediated by pions, which are pseudoscalar mesons. Moreover it’s also used in the Standard
Model to describe the coupling between the Higgs field and massless quark and lepton fields,
i.e. the fundamental fermion particles. Only with the introduction spontaneous symmetry
breaking we could see these fermions acquire a mass, but we will treat this discussion later
on in the next chapters.

10 The real scalar field

10.1 Building up the perturbative expansion
We first consider a Klein-Gordon field, which lagrangian is
2

1 " me o
L= 50,0)(0"9) — "5-¢%. (10.1)

This lagrangian defines a free field theory. The only interesting quantity we can extract
from this theory is the free propagator which is determined by the quadratic part in the

lagrangian
) d4p e~ tpuz”
Dp)= ————— A = 10.2
() p2 —m2 +ie r(2) / (2m)t p2 — m? +ie ( )
From this theory, we cannot extract anything else. We therefore introduce a self-interaction
term )
1 m A
L= 5(3;@)(8“(?) - 7¢2 - I¢4' (10.3)

This is the only possible term we can add without disrupting renormalizability, dimension-
ality and lower boundedness of the energy.
The equation of motion arising from this lagrangian is

(0,0 +m?)¢ = —%qs?’ (10.4)
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which is not easily solvable. We therefore turn to perturbation theory to find an approxi-
mate solution for the propagator of the theory.

There’s now a very important remark: while, for a free theory, the propagator is given
by the vacuum expectation value of time ordered product fields, like

(0] T{¢102}|0) = o—e (10.5)

for an interacting theory, the ground state of the theory need not be the vacuum |0).
Therefore, for whatever process we need to evaluate, we’ll need to calculate something like

QT {192} [2) (10.6)

where now |2) is the real ground state of the theory. However, even in the case of interacting

theory, we can restrain ourselves to the calculation of vacuum expectation values, with some

caveats that we’ll see later, since the expectation value of eq 10.6 can be written as!

(01 T4 61 (x)p1(y) exp |—i [T, dt Hy(1)| o)
(QT{p(x)o(y)} Q) = lim {’ i p[ Jor dt Hr ]} (10.7)

T—o0(1—ie) (0] T{exp [—i fTT dt HI(t)]} 0)

The vacuum expectation values are then calculated using Wick’s theorem, which we recall
here

Theorem 10.1 (Wick's theorem).
T{p1- - dn} =:¢1--¢dn : + all possible contractions of two fields (10.8)

where : ¢ - ¢, : is the normal ordering. As an example, the T-product of three fields
becomes
1 1

—
T{p10203} = : 1203 + P1P2p3 + 10203 + P12¢P3 - (10.9)

In the free theory, if we wanted to calculate the 4-point function, we would have
constructed, using Wick’s theorem, all the possible diagrams with two lines joining the
four space-time points. Diagrammatically this boils down to

(0] T{p102¢34} |0) =I I+:+X (10.10)

Note that in the third diagram the lines do not intersect. In the self interacting theory we
have another contribution from the interaction vertex as we can see on figure 9.

So let us return to the evaluation of the two point function (| T{¢1¢p2} |©2) by using
the formula 10.7. For now let us focus only on the numerator, we’ll treat the denominator
later on. The numerator can be expanded in power series

<0|T{¢1¢2 T b1 [—z‘ / d‘*zj!ﬂ +---}o> (10.11)

The first term just gives the free field propagator. The second term, which for clarity we

write down as

50 = 017{ 162 -1 [ ats 3000000100 | 10) (10.12)

! This is a really deep formula.
A proof for it can be found on
Peskin-Schroder.

= —iA

Figure 9. Self interaction vertex
for the A¢*-theory.
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can be evaluated using Wick’s theorem with a caveat: since we’re calculating vacuum ex-
pectation values, all the terms, in which a pair of non contracted fields appear, cancel since,
by definition, their normal ordering gives zero acting on the vacuum. By this mean, remain
only terms in which all the fields are contracted. There are 15 ways of contracting 6 fields
in pairs (the combination are easily found using the binomial coefficients). Fortunately
only two of them are really different, all the others are topologically the same diagrams.
For completeness sake I’'ll mention some of them

m | ——

T{¢1¢2 [—i/d%i}qﬁ(z)qb(z)gb(z)q&(z)]} = < Z;) /d42 D102 | P3h30303 + P3P3¢3¢3 + P3¢3¢303 | +

N, (rEl Al i e
+ <—4,> /d 2 | 910203030303 + P1020303P303 + P1P2P30303P3 + P1P203P3P3P3 + - (10.13)

From this, we can easily see that we have two diagrams that can be made in many different
ways. For the calculation of the vacuum expectation value, diagrams that are topologically
the same, give the exact same result. As a Feynman diagram, this two factors are

O Q (10.14)

Note that the first one is the product of two diagrams, namely a vacuum-vacuum diagram
with a free propagator. Diagrams such as this one are called disconnected. The second
diagram is called tadpole.

The first order expansion of the two point function thus is given by the sum of all the
diagrams times the interaction vertex, times a combinatorial factor which depends on how

the ways we can construct the same diagrams. In formulas we have
2
1 — _
SW =3 . O . 112 ;C—CZ)—@ =

3<4)'\>2AF x—y /d4zzAF(z—z)zAF(z—z)+12< )/d4zzAF(x—z)zAF(z—z)zAF( —2)
ix W N[
= gZAF d*ziApiAp + 5 d*2iIAFIARIAR (1015)

We could easily go now to second order by making up all the possible diagrams with 2 ex-
ternal vertices and 2 internal vertices

5@ =2, 00 0 GO0, | o g} LD QQ L@ Eg

(10.16)
and so on to further orders.

We can begin now to write down the Feynman rules for the A\¢*-theory

Remark. Position space Feynman rules:

e For every vertex >-< there is a factor —i\ [ d*z
P

e For every n lines that can be exchanged without changing the diagram there is
a factor 1/n!. The factor n! is called symmetry factor
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o For every line L there is a propagator iAp(z — y)

e For every line e«—— there is a factor 1

e For every tadpole .JD_. there is a factor %

One way to interpret these rules is to think of the vertex factor —iA as the amplitude
of the emission and/or absorption of particles at a vertex. The integral [ d*z instructs us
to sum over all points in space-time where this process can occur. This is just the result
of superposition.

It is convenient most of the times to evaluate Feynman diagrams in momentum space.
The Feynman rules do not change much, we just have to take the Fourier transform of
the various factors which will leave us with some delta functions which impose momentum

conservation at vertices.

Remark. Feynman rules in momentum space

o For every vertex >< there is a factor —i\

o For every line «»—e there is a propagator D(p)

« For every external line «#— there is a plane wave factor e~*"*D(p) if the mo-
mentum is entering the vertex, or a factor e’?* D(p) if the momentum is exiting

the vertex

o« At every vertex we must impose momentum conservation
(271—4)6(4) (Zinitial p—= Zﬁnal p)

4
+ On every loop we integrate on the momentum of the loop [ &—54

e Divide by the symmetry factor
10.2 The grand finale

It’s easy to see now that the denominator of the 10.7 contains only vacuum-vacuum di-
agrams. Moreover, we can see from equation 10.15, that there are some diagrams that
are just free propagators times vacuum-vacuum diagram or tadpoles with vacuum-vacuum
diagrams. This concept will help us understand the final form of the propagator in an
interacting scalar theory. In fact, if we write down using Feynman diagrams the equation
10.7 we would get something like this

—o QJLQ -Cx}- ‘m- QJL. .@.
(QT{p102}|2) = - i " O * O + Te—O—
0
1+®+Cm+®+...
(0—0+0&0+0M0+...>(1+%+Cm+®+”.>

e
1+00+000+ 83+

(10.17)
I e e Xe I

2 Again, a more 'formal'

Incredibly enough, vacuum diagrams do not contribute? to the 2 point functions for a A¢?*-
proof can be found on Peskin-

Schroeder.
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theory, since their contribution is eliminated by the denominator! You can even see how
powerful the Feynman diagrams are since we got this result just by computing the essential
parts and then adapting to all the others. This result works quite generally for all n-point
functions.

Now that we know that the propagator of an interacting theory is just given by the infinite
sum of its connected diagrams, we can do a further simplification.

Whenever a diagram can be cut into diagrams that still make sense, we call that diagram a
reducible diagram. An example of a reducible diagram is the two tadpole diagram which
can be cut into two one-tadpole diagrams

ONQ .. Q ... O (10.18)

Diagrams that cannot be cut are called irreducible diagrams. If we cut off the external
legs to the diagrams we get the so called amputated diagrams. Without giving the
proof to this, which is quite lengthy and can be found on Peskin Schroeder, we conclude
the following: for the evaluation of n-point functions only the sum of all irreducible,
amputated diagrams has to be evaluated. If we define

Dy (p*)D(p*) Dyt (p%) =X=O+8+@+8+~- (10.19)
then the propagator is given by the following sum

(QT P12 Q) = o— + o—x—x—0 + o—xx—x—e + - - (10.20)
Therefore, if we define the amputated diagram series

; _ Value of the irriducible) __
*ZA(]D) - E ( amputated diagram ) - >< (1021)
All possible
irriducible diagrams

which is called self energy, and let us evaluate the propagator for the interacting theory
i

QT D=
(21 T162[2) p2 —m? + e

m(fm(p)) m ,
; —iAp) : (—iA(p)) Z

p? —m?2 + e p? —m?2 + i€ p? —m?2 + i€

{ 1 1
- p2—m? —i—ie(l - (—iA(p))>p2 —m?2 + e
1
- p2—m2 — A(p) +ie

(10.22)
where we have used the formula for the geometric series. We can go back to the propagator

in position space just by Fourier transform

dp i
(2m)4 p?2 —m? — A(p) + e

(QT192 Q) = / e~ PE=y) (10.23)
To comprehend the result we notice that the mass of a particle is the pole of the propagator.
From the result 10.22 we conclude that the interaction of the field with the vacuum changes
the mass that the particle would have if it didn’t interact with it.

The grand finale
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We come to the big conclusion that

Free theory Interacting theory
(0] Tp192 |0) (QTo192|2)
i i
- - 10.24
p? —m3 + ie p2 —m?2 +ie ( )

where the real mass is now m? = m3 + A(p).

11 The complex scalar field

Just a few words for the case of a complex, self-interacting, scalar field. We know that the
complex scalar lagrangian, that is

£ = (9,6")(0"9) - m?'¢ (11.1)

can be constructed from two real scalar fields with their complex combination

1 . 1 .
¢(r) = W(U(x) +in(z))  ¢l(x) = ﬁ(o(u’c) —im(z))
Ux:L x e wxzi z) — ¢l (z
(z) ﬁ(qﬁ()ﬂb()) () Z.\/§(¢>() ¢'(x)) (11.2)
so that the lagrangian is just the sum of two real lagrangians
1 " 1 " m? 9 m2 9
L= 5(8 0)(0u0) + 5(5‘ ) (Opm) — oy (11.3)

In this theory, the free propagators of the two fields are identical since they have the same

mass

(0| {0102} |0) = % <0\T{¢1¢$} 10) + % <0|T{¢§¢2} 0) = / (d4p R

2m)4 p? — m? + ie
d*p i

e~ P(z—y)
2m)4 p2 — m? +ie

017 (mm}10) = 5 01T {r0}} 10) + 5 017 {60} 10} = [ ¢
(11.4)

To introduce the interaction term we notice that there are two possible terms which preserve
the hermiticity of the lagrangian

9 2
Mol Y ((01)+(0)?) (11.5)
Between them only the first one is globally U(1) invariant, so we choose that.

Consider then the complex scalar, self-interacting, lagrangian
L= (0"¢")(0u¢) — m*¢'é — A(¢'9)? (11.6)

which is equivalent to the two real scalar field, self interacting lagrangian

2
L= %3“0@@ + %8*%8#77 - %(02 + %) — %(02 + 7T2)2 (11.7)
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The global U(1) transformation on the complex field ¢ acts on the real fields as follows

() = e (x) = (cosd + isin 9)% - %[(0 cos — 7 sin ) + i(o sin 0 + 7 cos 0)]
Pl (x) = ¢ (x)e™ = L[(0 cosf — wsinf) —i(osinf + 7 cos )] (11.8)

V2

which can be equivalently written down as

e 0 o(z) cosf —sinf\ (o(x)
(O ew> <¢T(x)> (sin@ cos@) ((;S(x)) (11.9)

Note that the potential term is invariant under rotations and that, since the two field, while
rotated, are being mixed together, they have to be degenerate in mass.
The interaction lagrangian is therefore

A A
EI:—Z(U2+7T2)2271(044’20’27"24’7"4) (1110)

from which we get three possible interaction vertices

o(2) a(z) m(z) 7(2) a(z) m(2) (11.11)

The Feynman rules for the first two diagrams are the same as for the real scalar field with
a different symmetry factor- For the third vertex we can observe that contractions between
7w and o fields are zero. As an example, the interaction vertex for the first two diagrams
leads to a factor —6X, which comes from the 4! possible combination of the lines times
the constant —A/4, whereas the last diagram leads to a factor —\, which comes from the
possible the 2 possible combination of the lines, both for = and o, times the same factor.

12 Scalar electrodynamics

12.1 The theory

What if we impose the U(1) symmetry to be local instead of global? We know from QED
that imposing a gauge symmetry is equivalent to substituting to the normal derivative the
following covariant derivative

Oy — D, =0, —ieA, (12.1)
where A, is the 4-potential, such that
D¢ — €@ D, ¢ (12.2)
for which the gauge transformation becomes

o(x) = D o(a) ¢l (x) = ¢l (2)e7 D Au(x) = Au(x) — 0.8(2) (12.3)
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and therefore the lagrangian is gauge invariant by construction

L= (D"¢")(Dyd) —m?¢Te = (" +ieA*)$1 (), — ieA,)dp — m*dTo
= 9"610,6 + ie A" (610,06 — 0,01 6) + 0T pAM A, — m* g
= 0" 10,0 — M2 + ej AF + 2T AT A, (12.4)

x4
where j, = ¢70,¢ — 0,67¢ = ¢19,¢. In accordance to QED we have to add the kinetic
term for the EM-field, completing the scalar electrodynamics lagrangian

L=0"$"0,6—m>¢Tp— iF’“’FW +ej At + 2T Ar A, (12.5)

Note that in this considerations we explicitly put the charge e which identifies the different
representations of the U(1) symmetry group.

From the lagrangian 12.5 we see two interaction factors ej, A* and e2pf pArA,. These
two factors give rise to two different interaction vertices. The first factor is, in momentum

space, ie(p, — p,) and the second one is 2ie%5, ., where the factor 2 comes from the

nvo
possibility of interchanging the two photon fields. These vertices are given by the following
Feynman diagrams

I v

/
p (12.6)
There’s a better way of defining the interactions terms through the use of a gauge covariant

current

ju = ie¢T5u¢ (12.7)

12.2 A taste of divergencies

We see that scalar electrodynamics is constructed in a analogous manner to quantum
electrodynamics. Apart from the fact that in QED we have only one interaction term

—ie A, (12.8)

while in scalar electrodynamics we have two interaction vertices, the perturbative expansion
of the S-matrix in scalar electrodynamics is divergent, while in QED is convergent. What
do we mean by this? Thanks to perturbation theory, the cross section of a certain process
can be evaluated perturbatively in powers of a given scale «, which in QED is 1/137

o =00+ ao + ooy + - (12.9)

This series is convergent in QED while is not in scalar electrodynamics. The reason can be
easily found as follows: in every theory, the number of Feynman diagrams grows up facto-
rially with every perturbative order. However, in QED, the statistics of fermion fields helps
us eliminate lots of diagrams since whenever we change two fermionic lines the diagram
takes a negative sign. In scalar theory the statistics follows the Bose-Einstein distribution,
so this cancellation does not happen.

A taste of divergencies
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However, the series expansion for scalar electrodynamics is Borel summable, that is

chak — oo but %ak < 00 (12.10)
k ko

and this allows us to reconstruct the function for every value of alpha.
Contrary to all of this, QCD is not even Borel summable. Despite this, perturbation theory
can give us some useful information even in this case. About that, consider the following

S 2
I()\):\/%/ dx exp{—a;—)\a,A} A>0 (12.11)

Perturbation theory helps us evaluate I(\) for small values of A

I(\) ~ \/% > (_73)” /: dre™" 2t = Z(—m%w) (12.12)

integral

n

Therefore we have to evaluate the Gaussian moments

dz 2 © dr s (a2 22 [4n 41
ny _ —xz°/2 4n:22n2 x*/2 _ T = (4n — 1N
(") \/271'e v /0 \/2776 ( 2) N 2 (4n —1)
(12.13)

and so
(4n — )N (12.14)

n
nl

10~ Y (-1
n

This sum diverges for every possible value of A. Despite this, from the result found we can
extract some useful information about the series.
Firstly we observe that the reason for which the series is divergent is that the integral
converges for A > 0 but diverges for A < 0 and so the convergence radius is zero, as we
obtained. If we plot our result as a function of the perturbative order n we get a graph
which will explode for big enough n, but the plot will arrive to a minimum before explod-
ing. Truncating the series to the term in which the plot has a minimum gives us the better
estimate for the integral. This point where we truncate our expansion is called cutoff.
Generally we need to know how the series behaves before doing perturbation theory.

Although divergencies seem unphysical, they are not. Consider as an example a system
near phase transition at a certain critical temperature T,.. Imagine to expand the physical
interesting quantity based on temperature. The impossibility of expanding the series after
T > T, is a result of the phase transition, where we cannot define physical quantities. The
convergence radius of the perturbative series will help us to estimate the value of T.

A taste of divergencies
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Noether Theorem For Internal Sym-

metries

13 Quantum Noether’s theorem

In this short chapter we further develop Noether theorem in the case of internal symmetries

for a continuous group of transformations.

We know that any transformation of a Lie group can be written in exponential form

D(a) = exp {iaAtA} (13.1)
where t4 are the generators of the group and satisfy the Lie algebra of the group
[t4,4P] = ifABCC (13.2)

Let’s take a lagrangian L£(¢*(x),0,¢%(x)), where a is an internal index. Since we’re con-
sidering transformations that act on internal quantities, the coordinates remain invariant
under these transformations, so the action variation is such that 6S = 0 and it translates
directly to the variation of the lagrangian JL = 0.

Consider then the transformation induced on the fields®

¢ (x) = ¢"(2) = (exp{iaat™})”, ¢ (x) ~ ¢"(x) +ica (t*)", 0" () (13.3)
then the variation of the lagrangian induced by this transformation is
or _ . oc .. o _ . oL oL “
oL = o0 0% + T do* , = 3ﬂ(a¢a’u Y] > + <8q’>a 8”8@’“)5(;5 (13.4)

considering the field ¢* as a solution to the Euler-Lagrange’s equations, this leads to

oL oL
SL=20 (aéqb“) = ipd ( = (tA)“bqbb) = —p8,j"A (13.5)
H 8¢ " M 8¢) » e
and so
oL a OL
— = =8, here: ji4 = —i(t4 b 13.6
SaA ud where: j Z( ) bad)a“u(b (13.6)
If the transformation is a symmetry of the system, we get the conserved current
oL .
TaA = — ,u]‘u"A = 0 (13.7)

which tells us that we get a number of conserved currents which is equal to the number of
the generators of the group.
The conserved charge is easily found

@t = [t = =i [ Po= 1)y = i [ty
D000

(13.8)
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QUANTUM NOETHER’S THEOREM

and this, being conserved, implies

" A _
—-=0= [@*.H]=0 (13.9)

that is, the Hamiltonian is simultaneously diagonalizable using the conserved charges. We
can therefore classify each state using the eigenvalues of the generators which belong to
the Cartan subalgebra of the considered group. In fact

[H,Q"] = —i / A [H (¢4, 6] = —i(t™)?, / d*z{[H,1,]¢" + 10, [H, ¢"] }

= [ @ofontd® + mon'} = ion(—i) [ttt
=i0oQ"* =0 (13.10)

The conservation of the charge has several implications. First this means that, given a
certain rank of the group, you may classify the physical states as eigenstates of the energy-
momentum, of the invariant mass and of as many internal quantum numbers as the rank
of the group is. For example, if the symmetry is flavour SU(3), corresponding to the up,
down and strange quarks, which has rank two, we can classify the physical states on the
basis of their isotopic spin and hypercharge (or electric charge). This includes obviously
the single particles states. Moreover, in any physical process, since Q4 is conserved the
charge of the initial states must be the same of the final ones.

Since the charges are now part of the Cartan subalgebra, they can be taken as gener-
ators of the group, let’s see why. We first compute the commutator of the charge operator
with the field operator

[0 @] =i [ @[t w). )]
=i [ @yt ) [ ). o)
+ [ ety ). 8@ w)
=it [y 8 (-0 e - )
= (1).6° (@) (13.11)
which means that we can write the transformation for the field in two equivalent ways
¢ (x) = (eiaAtA)abqsb - (eiaAQAgb e*ia‘*@“)a (13.12)

where exp(ioaAtA) is a matrix and ¢ is a complex vector, whereas in the last term on the
right hand side, ¢ can be seen as a quantum field. The proof of the statements is easily

done by using infinitesimal transformations
¢ = (1 +ia?Q4)¢" (1 —ia?Q?) = ¢* +ia Q" ¢*] = ¢ +ia (t4)%¢"  (13.13)

Lastly we note that
(@4, Q7] =if*PcQ° (13.14)

which can be easily proven plugging in the definition of the charge in 13.8.
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Fermi Theory of Weak interactions
14 Introduction

14.1 Building up the theory

Soon after the discovery of radiation by Henri Becquerel, there were many theories that
tried to explain such a process. Firstly it was assumed that the fast electrons ejected in
the radiation were part of the nucleus before the decay. This theory was rejected with the
discovery of the neutron by Chadwick. It became evident that the electron is created at
the instant that the neutron transformed into a proton.

Another difficulty came around when the spectrum of the emitted electrons was measured
and resulted to be continuous. Since the initial and final nuclei have well defined energies,
this would mean a violation of energy conservation. Pauli therefore, in 1930, proposed that
another particle would have to be ejected in the decay. This particle nowadays is called
neutrino and the full neutron decay is given by

n—pt+e +v (14.1)

This particle should carry no charge, because of charge conservation, and should have

low mass. Since the neutron, proton and electron carry spin %, conservation of angular

2
momentum requires that also the new particle should carry spin %

The first one to conceive a quantitative theory of 8 decay (so it was called the decay of
the neutron) was Fermi in 1934. He did this by postulating that the decay process can be
described by adding to the Hamiltonian an interaction term containing the wave functions
of the four free particles

Hp = Hy + H) + H) + H) + > C; / d%(apéiun) (an}-uy) (14.2)

Here u,, uy, e, u,, denote the wave functions of the four particles and the bar denotes the
Dirac adjoint % = you'. The O, are appropriate operators that characterize the interactions
and are weighted by come constants C;.

Since the electron in S decay is emitted with high energy with respect to its mass and the
neutrino is practically massless, they are relativistic and therefore their wave functions are
solution to the free Dirac equation

(u? — m)u =0 (14.3)
We now concentrate to solely the interaction term which is given by the Hamiltonian density

Hr =3 Ci (apéiun) (aeéiuy> (14.4)

A question arises: what are the operators O;? The answer was found in the deep experi-
mental evidences in the years following the proposed theory.
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Firstly, the Hamiltonian density has to be Lorentz invariant, this means that the quantity
(apOAlun) (ﬂeOAzu,,) (145)

has to be a Lorentz scalar. The only possible quantities that make it a Lorentz scalar are
the following bilinear covariants

1

1 B pv
Y o 5

Yl s s (14.6)
or, in practice, a scalar (), a vector (V), a tensor (1'), an axial vector (A) and a pseudo-
scalar (P).

Since in nuclear § decay protons and neutrons move non-relativistically, the matrix el-
ements can be simplified in the nucleonic part of the Hamiltonian. As it’s well known,
the Dirac 4-spinor can be decomposed into two components ¢ and £ where the latter is a
2-spinor and, in the non-relativistic limit, is much smaller than the other 2-spinor and so
can be neglected. In this limit, from the product u,I'u,,, where I' = {1, v, o" ~#~5, 5},
what remains is

UpUn, ﬁp'yuun — ¢L¢n
apo-lwunv ap’y/L’YSUn — ¢;U¢n

UpY5Un — 0 (14.7)

The relevant non-vanishing cases ar called Fermi transitions S, V, and the Gamow-Teller
transitions T, A. In the latter obviously the spin of the nucleus may change, while it does
not for Fermi transitions. Both cases are actually observed in nature, that is, the Fermi
Hamiltonian 14.4 must contain some combination of S —V and T'— A couplings. It can be
shown that oscillation would occur in the electron spectrum if S and V' couplings where to
be simultaneously present, and the same would be true for T"and A. Since this oscillations
are not observed in nature, the only possible couplings can be between S — T, S — A,
V — T,V — A. Measurement of several lifetimes of several nuclei lead to the conclusion
that the coupling constants of both Fermi and Gamow-Teller transitions are about equal
in magnitude

Gr~10"* MeV fm™' = Gp ~ 1071 MeV 2 (14.8)

In the following years many other particles that decay weakly were discovered and in all
cases almost the same constant Gg appears. One can talk about the universal Fermi
constant.

14.2 Parity is not conserved?!

The K+ meson discovery displayed a serious problem. It was found that this particle,
beside the decay in 7°u* v, decays in the following ways

Kt — 7% 47t Kt s at+7t +7° (14.9)

It was well known that the pion had negative parity. Since all pions are emitted in s-wave
the total parity of the two decays is not the same.

This violation of parity was soon proved in the beautiful experiment by Wu at al. using
the decay of 89Co into °Ni. They observed that the direction of the emitted electron in
the B decay of %°Co was predominantly opposite to the nuclear spin*. This fact can be
rephrased as follows: electrons are predominantly polarized opposite to the direction of
their motion, that is, they have negative helicity. Following this experiment, the same
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measurement were done for positrons in ST decays. What it was found is that positrons
have positive elicity.

There only remains to find the elicity of the neutrino. Careful measurement led by Gold-
haber et al., using the electron capture of 2 FEu ° proved that neutrino is always emitted
with negative helicity and anti-neutrino with positive helicity. From experiments we have
concluded that only a single helicity appears: electrons and neutrinos are always left-
handed while positrons and anti-neutrino are always right-handed.

Now we return to the question of the exact form of the Fermi Hamiltonian 14.4. Ex-
periments showed that the part containing electrons and neutrino spinors, should only
contain the part of the wave function with negative helicity. In the relativistic limit we can
construct the projection operators

N 1
Pe =Lt (14.10)

which are called projection operators on states of positive and negative chirality. For
neutrinos this form of the operators is exact. For electron, being massive, they are good if
the electron momentum is high enough®. According to this considerations we must replace
the spinors by their components with negative chirality

A~ N

.05, — (P_u)O;(P_u,) (14.11)

From the barred component we find

.
- 1—
Pou=(Pu)’y” = uf Py = uf (f) 7 (14.12)

1-— 1
S et N Y el L Y
2 2
where in the last line we have used the property {70,"/5} = 0. Therefore we have to see

how the operator O, transforms under ]5+ O; ]5_, for the cases found before. It can be easily
evaluated that

) oo

P (1)P-=0 PrAtP- = o9*(1 =)

A A A A 1

Pio"™O;P- =0 P+7“75P7=—§7”(1—75)

PorsP =0 (14.13)

from which it’s obvious that the only relevant contributions are the V' — A type. Lorentz
invariance requires that even the nucleonic part of the Fermi Hamiltonian has to be V — A
type. Extensive experimental analysis has led to the conclusion that the correct form for
the nucleonic part is given by

Upy*(gv + gays)un = gvip <1 - g’é%) Uy, (14.14)
with
ga/gv = —1.255 + 0.006 (14.15)

This takes into a fact that protons and neutrons are composite particles.
The complete expression for the Hamiltonian interaction term is therefore given by

Gr _ ga _ Gr . (L
Hr == av {m“ (1 - gv%) n] 9. (1 = s)ve] = —ﬁJfH)J;(» ) (14.16)
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THE MUON DECAY

where, in analogy with the electromagnetic current j* = ey, we defined the hadronic
current jé‘ #y and the leptonic current jé‘ )

Through measurement of the decay of the neutron was found that
I' ~ G% x "Phase space volume' ~ G%Am® (14.17)

Using the Fermi theory one could construct in the same way the interaction Hamiltonian
for other processes like

Muon decay
- Gr_ . .
e + ety HFz—ﬁzm (1= 75)pe vu(l = ys)ve
Inverse 8 decay
_ Gr _ ga _
pttn—=ptu, Hp = ——=gvpy"(1 — ==5)niyu,(1 — 75)v, (14.18)
V2 gv
where for the first process
I ~ GEm), (14.19)

Despite being an effective theory, the Fermi model works not only in finding with a

good approximation the rates but also the distribution of energy of the particles in the
interaction.
Unfortunately, Fermi theory is not renormalizable since the operator that make up the
Hamiltonian have an overall dimension of 6. This required a better theory in which, by
some limits, one would get the Fermi effective theory since it gives sensitive results and so
it must be right in some way.

15 The Muon decay

15.1 From the SM to the Fermi effective theory

Now we know how to evaluate the decay rate of the muon in the framework of the Standard
Model. The theory of the Standard Model is quite extensive and is proven itself to be a
quite precise theory. What we want to see is that, given the Standard Model theory of the
muon decay, we can get, by some limit, the Fermi theory.

As described in the Standard Model, the muon decay is given at tree level by the fol-
lowing diagram

(15.1)

34



THE MUON DECAY From the SM to the Fermi effective theory 35

where the propagator of the W~ boson with momentum ¢ is given by

. 9pqc
(o + 3%
w= = 15.2
pa(Q) (]2 _ MI%V T e ( )

With this we have now two parts to the matrix element which are given by the propagator

) 2 .
igw \ - 1—1s —i9ps - s1l—s
A=(-"2L) a(p, ) - o .
< \/§> Py, )" =5 ulp, )q2—M§V+ie“(p N =5 v(pa.)
, 2 : 2
igw '\ - 1—7s i9oqp/Myy 1=
+ | — u(py p U _ U(Pe— vV Py, 15.3
( \/Q> (P )7 —5—ulpu )QQ*MVQVH'G (Pe- )" —5—vlpo)  (15.3)
It’s easy to prove that the first factor can be neglected in the limit in which ¢ = m, ~ 100
MeV and using the fact that My =~ 100 GeV. Taking only the second factor then” " We’d make use of the relations
2 . 2
igw \ - 1—7s 100G/ My ol =5 u(p) = mu
(-2 w1275 0l 2y ) pulp) = mulp)
, 1 W u(p)p = —mau(p)
o _tgw )\ 1—75 i/My, =9
—< V2 ) u(py, )¢ 5 u(pu*)qz M T i6u<p€’)g 9 v(pa.) and the same goes for v(p) and
; 2 , v ’
(=) )5, 1,) S ) o () )
V2 W\ Tv) 2 Bl — MR +ie € e Tv) 2 ¢
I _
9 {’Y 7'75} =0
o igw - 1L—s i/My, l—v
—< \/é > u(puM )p# D) u(p,u* ) q2 — M{%V T ieu(pe* ),756 2 (pve)
. 2 e
o igw ) 1 -7 i/My l—v
< \/i > U(puH )pﬂ D) U(p;r ) q2 — M{%V T ieu(pe* ),77,, 2 (pue)
. 2 a2
igw " 1—9s i/ My 1—5
() e, ), )
. 2 a2
igw " 1—9s i/ My, -5
_ y _ o 5 15.4
(-2 ) o, S, ) o, T ) (15.4)
using the properties of anticommutation and the operation of the momentum on the wave
functions, the final result is
—igw *(m, —m m, +m ) Me + M Me —M
14 vV — 14 vV — e vV — e vV —
< \/§ ) { M{%V U(puu)u(p/t) + Zw‘%vu(puu)'ﬂ’)u(pu)} 72— M‘%V T ie{ MI%V U(pe)v(pue) + ]ngu(pe)'}%v(pue)}

(15.5)

Since me, m,, m,, < My, we can neglect all the terms which is what we were searching.

Now only one term remains

. 2 .
o dgw ) - o= t9po _ ol=7 .
A= (<55 ) S i 1 ) (156)

from which we find that, in the limit in which ¢ < My, the propagator is given by

igpo
Wpo = M%V (15.7)
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In real space the propagator 15.7 is

[ A Gpo _iga—y) _ Yoo 4
W(x—y) = z/ 207 e—iale—y) — 27 5(4) (5 g (15.8)
(2m)3 M2, M2,

which means that the interaction is practically localized in one point. In this limit

- 8?\?/%, [a(p”“)’yp(l - 75)“(]9#* )] [U(pe- )79(1 —¥5)v(ps. )] (15.9)

which is exactly the Fermi theory, where now Gr = v/2g%,/8MZ,. This consideration
proves that even non renormalizable theories are useful as an effective theory and they
constitute a certain limit of a more general theory. In the limit of small energies /My < 1,
we get back from the SM theory to the Fermi theory.

15.2 Decay width in the Fermi theory

We would like to evaluate the decay rate of the muon using Fermi theory. Starting from

| (2m)6@ (p— 5 py )
NUi - 2m

d*p
|M; |2H & dsz (15.10)

where we sum over all polarizations of incoming and outgoing particles. Obviously we take
the transition amplitude from the Fermi theory

My; = ii;/gU(pe)v”(l —75)v(Pv, ) (P, )vu (1 = v5)u(pp)
GF
AR

where the complex conjugate of the matrix element can be easily evaluated using the

My, = [@(pe) (1 = 75)0(Pu, V(Do )7 (1 = ¥5)ulpp)] (15.11)

properties of the gamma matrices®. Using a general bilinear covariant I' we have the & Namely
following
T POyt = A
[1Tus]™ = {ui’yOFuQ} = ufTTy0ul = w0407 1 0ul = Golu, (15.12) 4
an
where "’ =1
[ =4°rfy0 (15.13)
which in our case I' = v#(1 — ~5) yields
721 = 75) 10 = 409170 (1 = 4) = 4#(1 = 35) (15.14)
The modulus square of the transition matrix becomes, rearranging the terms in the product
G2
2 [ (py/l/) p(l - 75)u(pﬂ)u(plt)70(1 - 75)“(1)%)] [u(pe)'Yp(l - 75)v(pue)v(pve)70(1 - 75)“(176)]

(15.15)
Since we're summing over all polarizations, we can use Casimir’s trick with the completeness
relations and get

4P = SE T 101 = 35)(p, +mu )y (L= 5)(p,, + )

Tr [%(1 =), —mw )7 (L= 5)(p, +me)|  (15.16)
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We could have got the same result by directly manipulating the Feynman diagram, closing
all fermion lines and joining up the two loops with a propagator to ensure that the particles

be on-shell. The resulting diagram is given in the sidenote? where the p and o are two ?
weak vertices. The reason to this is a consequence of the Cutkosky cutting rules. )
Let’s now calculate the two traces!? neglecting the mass of the neutrino Q

Tr [77(1 = 35) (PO + m M)y (1 = 75)p |
=Tr [17(1 = 15)p 077 (1= 1)@ | + T [17(1 = 95)m D57 (1 = 15)p?|

= Tr [y°(1 = 25077 (1= 26 )p® | +Tr [17(1 = 7| Q

v
=2Tr [v”(l - Ws)zﬁ(l)v"zzﬁ@)}
10
=20 T 7] = T e ) the praduc of s ot maser
— ngl)pg){quagoﬁ —gP7g™P + gPP g7 + 42'690405} of v matrices vanishes. More-
over, the trace of the product
= S(p’fpg +pips —p1-P2 9”7 + ip&l)pg)e"o‘w) (15.17)  of two or any odd number of ~
times a 5 is zero.
The same goes for the other trace, we just have to plug in (1,2) = (p,v,) or (1,2) =
(e,v.). Taking the product of the two traces cancels out many terms since there’ll be a lot
of contractions between symmetric tensors and the completely antisymmetric Levi-Civita

tensor. Taking this into account the result we get is

1 G2 .
3 2 S M = SR (0, + 150t — o Doy + ity )
o o

X (pEple + PEPYE — Pe - Pu.Gpo + IPIDD, €pyos)
= %%64 (2(pe P, (Pu. - Pu) + 2(Pe - Pu)(Pu. - Pu,) — Phpy pIp), " epwa)
(15.18)
Using the property
T s = gy = =2(0%,0%5 — 67507, ) (15.19)
we get
G% v

= 764 (2(1)6 . puu)(pue ! pﬂ) + 2(pe : p,u)(pue ' puﬂ) + 2pgpﬁ p’eypgﬁ <5a7§ﬁ5 - 6a5567>)

= %64((1)6 : Puu)(pue ) pu) + 2(pe - p#)(pVE ’ Pu“) +2(pe - puu>(pue ) pu) —2(pe - p#)(pve ) puu))

G2
— ZE256(p. - pu, ) (Pr. - Py) (15.20)

From the full differential decay rate

11 G3
dl = = Gk
22m,, 2

(256)(Pe - Pu, ) (Po. - Pu)(2m)* -
dpe dps, dpy,
2m)32E, (2m)32E;, (2m)32E,,

5" (g — p, )7 (15.21)

Since, experimentally, it would be really hard to measure neutrinos, to get a sensitive result



THE MUON DECAY

we integrate over their momenta. What we’re trying to solve is an integral of the following

/ /E’ pap V(g —p—p') (15.22)

This integral is manifestly Lorentz covariant. This is obvious because the delta function is

form

Lorentz covariant as the integration factor, which is due to the equality

dSP - 4 2 2 0

20 d'pé(p” —m7)O(p”) (15.23)
which is indeed Lorentz covariant. Performing the integration, the variable ¢ is just the
only variable we’re left with. The only two second rank, Lorentz invariant, tensors that we

can construct are therefore g,g and g,gs. So

daq
Iog = A(¢*)gas + B(d?) ;f (15.24)

From this we can construct the following invariant forms

9“1 = 4A(¢*) + B(¢?)
q qﬁfa,@ = [A(¢®) + B(¢*)] ¢ (15.25)

We distinguish now two cases: the first one in which ¢ is time-like, that is ¢> > 0. With
this condition we can always perform a Lorentz transformation in which

§ = A" ,q" = (3°,0) (15.26)

defines the reference frame. So we start in a general reference frame in which

d3 /
ﬁIa,@ / / / apa(; (qo_po_p/o)
1
:/ /2E’ (4) q—p—p/)i[(pﬁ-p')Q—p/Q—pQ]
:2((1 —m?—m / /2E’ W (g—p—19p) (15.27)

By using the definition of the delta function

Ia=§/ /2E, (g—p—1")
1

- / /2E’ (a—p—p)8(" -~ E~E)

Bp 1
/ 5E 2El§(q0 -E-F) (15.28)

Now we switch to the center of mass reference frame. In this case, as we said, we have

0=(%0) p=GP+m2p) P =K/PP+m? —p) (15.29)

and so

3 1 0 2
/dl 5(q0—E—E'):/dpd Do(¢° — Vm2 +p2 — VmZ+p2)  (15.30)

2F 2F' 4AEE’

Decay width in the Fermi theory
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Decay width in the Fermi theory

The delta function can be rewritten finding its zeros

2
m/2+p2:(q0_ /m2+p2)2:q0 +m2 +p2_2q0 /mg +p2
2 2
_|_ + 0 + 2_|_ 2
ﬁﬂ—i—p q m?2 p :>p2:<q m p _m2

2P 27 (15.31)

Its derivative gives

d (o 212 2 2) p  p _pE+E)  pd
(o _ _r ., P - 15.32
dp (q Vm? = VP PP ) = p 4 g EE EE (15.32)

so that we get in the integral

dpp?dQQ
/ g 0@ = VM p? = m? + p?)
2
dpp®> EE’ %+ m2 — m”?
=4 5l p— L ] —m2]e(°
W/4EE/q0p P 20 m? |©(q")
T q02+m2_m/2 2 ) 0
o O S el R

4 2 2
@O+ mA + m — 2¢9%m2 — 2¢0%m’2 — 2m2m/2
= ﬂ\/ PP q) (15.33)

In the limit case in which the neutrino are massless, the result becomes

= %qQG)(qO) P >0 (15.34)

Now, for the second integral we had, again in the center of mass frame, ¢ = (¢, 0)

ﬂlag—/ /ZE, (¢ —p—P)(q"Pa)(d’D})
= [ 52 [ 3509

= q4 /d3p BPp'sD(qg—p—p)
2
= CL/d?’zocl?’fo’é(q0 —E-E)®q-p-p)

4
e
Z47r/dpp25(q0 —-E-FE)

(15.35)

Again, in the limit of massless neutrinos, p = F and p’ = E’, so

1 q q4
a B _ 2 2 I N
q"q"I,p = mq /dEE 25(E 2) =7 3 (15.36)

Then, by using the relations 15.25 we get

I°,(¢°) = 4A(¢*) + B(¢?

i T
) =7 0°¢"1.5(q*) = A(¢*) + B(¢*) = - ¢*
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Then
-

Tap(q®) = 57 (4°9as + 20045) (15.38)

We didn’t analyze the case in which the vector ¢ is space-like. In this case the integral will
be always zero.

We can now reinsert that in the formula for the decay rate 15.21

32G? d3p
dl = ——E _pe ph 198 ((p# — p©)? = 15.39
(2m)om,, L ols (G )2Ee (15.39)
Plugging in the value for the integral
ar= 3200 T o) b2 (0 — ) pep — 1) -] L
@ryom, 24 P~ P (Pe Py P =) pelr” = 1) Puf o
GzF 2 2 2 2 2 dBPe
= —I “Ppe) — 4 “Pe)’ —2 —_— 15.4
37rmu [S(m,u +me)(pﬂ P ) (plt P ) mem,u} (271-)32Ee ( 5 0)
In the reference frame of the muon
G% 2 2 2 2 2 2 d*p.
dF = M [3(mu =+ me>muEe — 4muE€ — QmNme] M (1541)

For simplicity we can study the limit in which the electron mass can be neglected m. < m,,.
After we have passed from the factor d®p. to the factor dE., we get

Gh

_ EZdE. _ G%
~ 247tm,

dr -
2E,  121m,

(3m), E. — 4m, E2)4m (3m), —4m2 E.)E2dE,  (15.42)

In the end, what we get is

dr’ G 2(a, 3 2

— =—"2—F@Bm, —4m: F 15.43

dE ~ 127m, = (3my — 4m,.B) (15.43)
Since we know the kinematic limits for the energy of the electron to be Fy = m, ~ 0 and
E1 =m, /2, we can easily integrate and get the final result

2
~ Gk

- 1273m,,

G2 5
— (15.44)

E3 3_E4 2
(E"m m)El 19273

u w

If we considered the mass of the electron we would get a correction of the order (m./m,,)?

G%m‘r) mg
I = 19%5 <1+O<m2)> (15.45)

m

This result is in really good match with the experiments if we put back the masses of the
neutrinos.

The result 15.44 is used to define the value of the Fermi constant Gr. In order to
do that we have to take into account even radiative corrections, which come from the
electromagnetic interactions of the electron and the muon. The relevant processes are the

Decay width in the Fermi theory
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following

(15.46)
which are the self energy corrections, and

(15.47)
which is a vertex correction, and finally

(15.48)

which are the bremsstrahlung corrections. The bremsstrahlung diagram has to be included
since, owing to the vanishing photon mass, photons with arbitrary small energies may be
emitted. On the other hand, because of the limited experimental resolution, it is impossible
to distinguish the muon decay accompanied by an extremely soft photon from the decay
without radiation. This contribution exactly cancels the divergent terms in the self-energy
diagrams for very soft photons, the so called infrared divergences. The calculation of the
corrections leads to a modification of the decay rate

Gim? o 25 m?
T = I3 1 2 _ _ © - 15.4
19273 < T <7T 4 ) 8mi - ) (1549)

in which we see that radiative corrections are of greater importance than the correction due
to the non-zero mass of the electron. With this formula, it has been found experimentally
that

Gr = (1.166 37 4 0.000 02) x 10~ MeV 2 (15.50)

Decay width in the Fermi theory
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16 The Neutron decay

From Fermi Hamiltonian for the neutron decay given in equation 14.16 we see that the
interaction is of the following form?!!

Ve
Gr — gA P
n b — —ﬁgv |:p’y’ (1 — gV'YS)n:| [67/1(1 — Vs5)Ve]
o=

This semileptonic decay is considered one of the most important decays, especially in
order to study and comprehend all the ideas concerning the electroweak theory and to
better understand the quark model proposed by Gell-Mann.

In this section we will see only the accounts concerning the cross section because the study
of this decay is the same made for the muon decay. We have only to take into account of
some differences:

« There is the factor Y4 #1
gv

o In the kinematics you have proton and neutron almost at rest, so When you write the

energy of the proton in a non relativistic formula E, ~ m, + 2m , you can neglect
the momentum

o There is only one term depending on the angle between the electron and the neutrino,
Pe - Py, = EeEyp, — pepp, cosf. Since we know pf) = (pn — pe — pi.)?, then we can
write the scalar product independent of the angle, p. - py, = E.Ep,

16.1 Cross section in the Fermi theory

The formula of the cross section is

11 (2m)*6@ (p— 32, ps -
do = gNa'i ZZ <2m ) f1|2H 2m) foE (16.1)

g4 agf

that is the same formula of the decay width except for the factor ¢ that represents the flux.
Now let’s evaluate ¢. We know

6=4y/(p1 - D2)? — ¥} (16.2)

and represents the collision of a particle with energy F; with another particle at rest with

mass mo. Knowing that
(pi) = (B, E;v}) (16.3)

we can write
¢* = 16[E{ B3 (1 — 0103)* — mim3]

= 16[E?E3(1 — 20{v3 + viv}) — mim3] (16.4)

42

1 We'll see later that even this
is the result of the low energy
limit of the SM lagrangian. In
the Standard Model the decay
is based on the interactions be-
tween the quarks that make up
the proton and the neutron, me-
diated by the vector boson W~
which in turn decays into an
electron-antineutrino pair.
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Exploiting the formula (v_1> — v_>2)2 =v? + 02 — 20103, we can invert it and get to

¢* = 16[EYES (0] — 03)° + EYE3 (1 — of — v} + viv3) — mim3] (16.5)

Now let’s focus on the second term

- (gt - B e

= B3 (mi — (B} — p)v3)

- (i - i)

— WA - )

=m2m3 (16.6)

This term cancels out with the third term, so in the end we have

¢ = 4\/ E}E3(vi — v3)? = 4E7\E; [0] — 03| (16.7)
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Gell-Mann Levy Model

In the previous chapter we have analyzed the muon decay, a particular case of the Fermi
theory in which only lepton interactions were present, that is in the Fermi Hamiltonian
only lepton currents were present. This approach completely neglected the case of the
decay from which we started. A full theory of 8 decays requires also lepton currents to
appear in the Hamiltonian, but it’s not enough. This requires also the study of strong
interaction.

The sigma model is an effective theory to describe the interactions between nucleons.
The theory encodes the vector and axial vector isospin symmetries of the strong forces and
the implication of the breaking of these symmetries for the weak axial current. It’s build
up by three pseudoscalar fields ;(x) for i = 1,2,3 and a scalar field o(x), plus the fields
of the proton p(x) and the neutron n(x). From the three pseudoscalar mesons it’s possible
to construct the three pions

L+ mEim 0

= T T = T3 (168)

17 The bosonic sector

17.1 Vector and Axial symmetries

The bosonic sector of the theory is given by the lagrangian

1 O (T SO USSR,
£:§(8#08“0+8u7r8“7r)77(0 +7T'7T)71(O' +7-7) (17.1)

If we introduce the following notation in which all the fields are in a vector

o(x) m1(z)

| (=) o) = ma ()
O(x) = o () O(x) = 7s(2) (17.2)

73 () o(x)

we can rewrite the lagrangian in a compact way as
1
L= 58,L<I>T8“<I> ~V(oT0) (17.3)
In this form it’s evident that the theory is O(4) invariant, that is
0€e0) = ¥, =0, = L/(¥)=L(D) (17.4)
Consider now the following infinitesimal transformation that we’ll call A and V

\% 0o =0 0m; = —€jp0T = —A X T

A bo=F-F 0=—-0f (17.5)

with & = (a1, @z, a3) and B = (81, P2, B3) the parameters of the transformation.
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Let’s now check that these are in fact symmetries of the lagrangian 17.1, starting from
the axial symmetry

) . ) SV 5((1)T<I)) 1% (S(Q)T(D)
— H = ‘
5L (@ x g,m)o"T + 6V 5(dT D) ( So do + 5(BT®) o, i
6‘/ — ed g —
= s@Tay ("2 (@x @) =0 .

since the cross product with 7 creates a vector which is orthogonal to 7 itself. For the axial
transformation we have

1 1 — oV - .
— 3.0 70l — = i __9 = =) —
oL 2,6’ Oumoto 26MO'B orTt + 6V 5(@T®) (206 T — 2003 77) 0 (177

Using Noether’s theorem we can therefore find two conserved currents

oL oOmy
it == G (e ) — (GBR s
Ty =~ 3% = m(—canm) = (0°F )
L oc oa,

Iha= g, o (@' = (9Fo)m (178)

from which we can find six conserved charges
QY = /d?’x(aoﬁ X T)q

@t = [ @al(@um)o — @) (17.9)
17.2 The Lie algebra of the conserved charges

As we have seen in the chapter on the generalized Noether theorem, this two charges are
the generators of the rotations on the quantized fields. If we compute the commutator of
the charges we’ll find the algebra. Using the quantization rules for the fields

[mi(x, 1), iy, t)] = i6;;6° (x — y)
[o0(x,1),0(y,t)] = i0°(x —y) (17.10)

we’ll have

[ ZV,Q}/] = ie; QY
[ ?an] = iez‘ij}xc/
[ X7Q}4] = iEiijIZx (17.11)

which is a complicated mixed algebra (like the Lorentz algebra), that can be decomposed
in the same manner as the Lorentz algebra by introducing new operators
_ Qv +Qh

Qrr =" (17.12)

Using this operators in the algebra 17.11 we find

1 1
Q% Qhn] = 71QF £ Q4. Q% £ Q%) = 1 {[Q1.QV] = [1. Q4] 7 [@4. QY] + [@4,Q4]}
= QY £ Q5 £ Q% + QY ) = dewcQi (17.13)
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and, easily enough

[Q%, Q%] =0 (17.14)
This way we separated the SO(4) algebra in two parts

SO(4) ~ SU2)a x SU2)y ~ SU2)v4a x SUQ2)y_a ~ SUQ)r x SU©2)L  (17.15)

In both bases every state carries two quantum numbers, each of which is a member of the
multiplet for the two symmetries. We’ll see why the notation R, L is convenient. We can
therefore write a generic transformation as

Ula, B) = exp (i0a Qs +i504') = exp (iaa(Qq + Qg) +is(Q4 + Q3))
= exp (i(aa + Ba) Q4 +i(an + B)QF )
= exp (i@fo + i@bLQg‘) = exp (i@f@f) exp (i@bLQbL)
= Ur(0r)UL(0L) (17.16)

where in the last line we used the fact that the two generators commute so there’re no
commutator terms in the Backer-Campbell-Haussdorff formula.

17.3 The spinorial representation of the sigma model

In order to understand how to transform a meson state, let us first introduce the spinorial
representation of the field . We introduce the field ¥ defined as

Y=01427-7 X=01-27-7 (17.17)

where 1 is the identity matrix and 7 is the isotopic spin acting on the internal indices with

1/01 1 {0 —i 1/(1 0
1 _1 _1 17.18
Te =5 (1 0) =5y (z 0) =79 (0 1) (17.18)

which are the Pauli matrices satisfying the relations
) & 1
[7i, 7j] = Q€ijnT {ri,75} = 55“ (17.19)

In this representation the field is given by a 2 x 2 matrix

5 <i(a +img  ai(m — i7r2)> (17.20)

m +imy) o —ims
with the following properties
o= %Tr(El) 7 = (=) Tr(27) detY =o? +7-7 (17.21)
Let’s consider this transformation of the field 3
Y = TN Y [Ty, B (17.22)

which component-wise gives

1 1 o
o’ 5 Tr(¥1) = 5 Tr(¥1) + % Tr([r;, X))

— % Tr(21) + 4% To([r, 1)) — s Te([r, 7)) = % Ti(21) = o (17.23)
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and

7r;» = (—i) Te(X'1;) = (—1) Te(275) + a; Tr([7i, B7%)
=T+ TI‘([T]',TZ‘]E) =7+ iaifjik TI"(TkE)

=T — Q€T = Tj — (C_f X 7_1")J (1724)

which means that the transformation 17.22 is just the V' transformation 17.5. In an anal-
ogous way, the following transformation

Y = e WiTinem T x5 — {1, B} (17.25)

which again, component-wise realizes the before defined transformations

o1 Ly - B i
ol = 5 T(1) = 5 Te(£1) — 5 Tr({7, )
—o—if Tx({r,2}) =0+ -7 (17.26)
and

= (=1) Te(2'7;) = (—i) Te(S75) + (—0)2B; Te({m:, £} 7))
=n; — B Tr({r;, i }¥) =7, — %5; Tr(X1)

= 7T'j — ﬂjO’ (1727)

which is the A transformation defined in 17.5. But how do we relate this to the R, L
transformations? Let’s take an A transformation after a V one

Y = UL (B)Uv (a)2U (UL (B) = e™#imigieiTipemicimig=i8iTi (17.28)

In the case of a;; = 8; (R) we find
Y = 2Uf, (17.29)

and in the case of a; = —f3; (L) we find
¥ =U.® (17.30)
so that a general transformation is given by
Y =U UL ¥t =Ugpstul (17.31)

We can now write the most general SU(2)g x SU(2)[, renormalizable lagrangian with the
Y. field noting that

v2f —  Invariant under Up
»IY — Invariant under U I
Tr(2%') = Invatiante under both (17.32)

which means that the lagrangian will be

1 n m2 n A t 2
L= 1 Tr(@uZ 8“2) - Tr(E E) — E(’I‘r(z E)) (17.33)
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We could have even added a term like

_9 tyyiyy SUGR) t31))2
T Tr(2fEsiy) K(Tx(2'%)) (17.34)

but since SU(2) is pseudoreal'?; the last equality holds and so we don’t add any new term
to the lagrangian.

18 The fermionic sector

18.1 Weyl spinors and nucleonic field

We have since now treated only the bosonic part of the lagrangia accounting for the three
pseudoscalar masons and a scalar meson. The ultimate goal is to build up an effective theory
of nucleon interactions, so we have now to study the nucleonic part of the lagrangian.

We know that a nucleon is given in term of an isospin dublet

No(z) = (p"(x)> (18.1)

Na (x)

where p, and n, are the fermion fields of the proton and the neutron respectively. At this
point we want to find again the vector and axial transformations for the spinor fields which
are given in general by

V w/ — eiaﬂ—i'(b ,Ij]/ — we—iai‘n
A ,(/)/ — eioz,;‘rfysw ,(Z}/ _ ,(Ze—iaiﬂ’)’s (18_2)

It’s clear that there’s no change of sign in the axial transformation of ¢ and 1) do to the
fact that {¢5,v*} = 0.

Note that to be a symmetry of the theory, it’s generators should commute with the Lorentz
generators which is always a symmetry. The only symmetries acting on Dirac indices that
commute with S#¥ are, in fact, 1 and 5 which give in fact the two transformations in 18.2.

We knot that a dirac spinor transforms with the representation (%, O) ® (O, %) of the
Lorentz group so that it can be decomposed into two Weyl spinors: a right handed spinor

g which transforms as a doublet in (%70) and as a singlet in (07 %) and a left handed
spinor ¥, which transforms as a doublet in (O7 %) and as a singlet in (%, 0). This is what
us called as the chiral representation

(1+15)
2

(1 —1s)

Yp =y = Py Y =Py (18.3)

where Py are projection operators onto the right handed chirality or left handed chirality.
Let’s see how the two Weyl spinors transform under the V, A transformations using in-

finitesimal transformation

W o (14007 Bims (18.4)
2 2
which can be projected onto the Weyl spinor using the relation P_ + P, =1
Py + Pof = (1 + io‘;” + zﬁlg%) (Pap + P_))
Wy = (1 +iml iﬂ;”)m Wy = (1 +ish +iﬂi2”)¢R (18.5)
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12 The fact that the group is
pseudoreal implies the following
equality

and together with the ciclicity
of the trace gives the last equal-

ity.
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where in the last line we used the property of the v5 matrix
Pi’y5 = in: (186)

We therefore conclude, using the operators defined in 17.29 and 17.30, that

VYp = UrYr v =L Under Ugr
Y =Urdr Y =R Under Uy,
Doublet Singlet (18.7)

In the notation of SU(2);, x SU(2)r = (nr, mg) the two Weyl spinors and the bosonic ¥
field are given by the representations

v € (2,1) Yr € (1,2) Y e (2,2 (18.8)

So there is no ~y5 associated with the V, A transformations, but only two different fields
which rotates differently under R, L.

18.2 The fermion lagrangian

We have now to build up the fermionic SU(2)r x SU(2), invariant lagrangian with oper-
ators with dimensions < 4. The only factor that respects this requirement is the kinetic
factor

L= iypPbr + ibrdyr (18.9)

Not even a mass term is possible since

m(YrYL + YLYR) (18.10)

since is not invariant under R, L transformations. In fact

m(ﬂ_)RU}TgULi/)L + UL Urr) (18.11)

is clearly different from the term 18.10. The only possible interaction terms between

fermions are

9V W) gy ysY) (rays ) (18.12)

but this have dimension 6 so we do not consider them.
The conserved vector and axial currents for the spinor fields are

) LSy -

S S H

]V’a 5(aluw) 506@ 1/}'7 Taw
5L &b

ji,a = _5(3u¢) m = QZ'YHVSTaw (1813)

19 The full theory

19.1 The interaction term

A general lagrangian has to take into consideration the meson part, the fermion part and
the interaction
L= LBose + LFe'r'mi + LInt (191)

where we have discussed the first two parts before and are given by 17.33 and 18.9. What

remains to find is the interaction lagrangian.

The fermion lagrangian
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The only possible interaction term which, again is renormalizable and has the full
SU(2)r x SU(2)r, symmetry, is given by
Lint =Y [P0 + ¥r¥TL] (19.2)

where if we want to explicitly have it in terms of protons and neutron fields

=Y J)w(”l*%?'ﬁ)(l ZWS)wHZ(l _275)(01—22';.7?)@1&

=Y [0y + 2i7 - (y57)] (19.3)
We see that there are are in fact two terms in the interaction, let’s study them separately.

19.2 The nucleon scalar meson interaction vertex

The first term consist in the interaction of the proton and neutron field and the scalar field
o
Yo =Y (pp + nn)o (19.4)

This vertex looks like the electromagnetic one, since there are an incoming proton (neutron),
an outgoing proton (neutron) and an emitted meson o. The main difference between this
vertex and the electromagnetic one is that o is a scalar, so there is no need of introducing
7, and the vertex is simply —7Y. The diagrams associated to this term are the following

p p n n

YT

(19.5)

19.3 The nucleon pion interaction vertex

The second term is more interesting since it represent the nucleon-pion interactions. First
let us write 7 - 7 as

SR =TT A Temy + 13m0 =

all

1
+ —
— (T + 7 Ty) + W3T: 19.6
\/5( +) 373 ( )
where Ly
)
== 73 = 7° Ty =T1 £iTy (19.7)

V2

Using this notation, the second term in the interaction lagrangian 19.3 can be rewritten as

Y 2i7 - (Yys7eh) = 2iY (ﬁ ﬁ) {\2(7#7_ +7 T+ 7707'3} s (i)

— Y [\@(ﬁ%m* +pysnm) + (Pysp — ﬁ%n)ﬂo} (19.8)

The factor v/2 that we find in the term that coulpes charged pions with the nucleons derives
from the isospin combination while the 7 is necessary for the hermiticity of the lagrangian.
In fact (7t 7ys)l = —7~Aysp.

The first term corresponds to the vertex where the incoming proton p is annihilated with
the creation of a neutron n and a pion 71 in the final state. The total electric charge
is conserved at the vertex. This term also represents the annihilation of an antineutron

+

with the creation of an antiproton p and a 7™, or the annihilation of a virtual 7~ into a
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neutron n and a antiproton p. All this diagram are found by the first one just by taking
the particles from the initial state to the final state and changing it into it’s antiparticle.
The Feynman rule corrisponding to this vertex is v/2Yys. Some of the diagrams associated
with it are the following

" n (19.9)

The second term corresponds to a vertex with the annihilation of an incoming neutron and
the creation of a proton p and a 7~ in the final state. The same term also represents the
annihilation of an antiproton p to give an antrineutron n and a 7~ , or the annihilation of
a 7T into a proton-antineutron pair. The Feynman rules for these vertices is the same as
before. Some of the Feynman diagrams are shown

p n p

™ ™ n (19.10)

The third term corresponds to two possible vertices, one with the emission of a neutral pion
70 by a proton, the other the emission of a 7° by a neutron. All the other crossed channels
are also present as in the previous cases. The Feynman rule for this vertex in these last
cases is =Y 5. Note that between the coupling of the charged pions and the neutral there
is a factor v/2, which is simply a Clebsch-Gordan coefficient for the isospin, as said before.
The Feynman diagrams corresponding to the third vertex are shown

p n (19.11)



Spontaneous Symmetry Breaking

Spontaneous symmetry breaking is a very general phenomena characterized by the fact
that the action has a symmetry, local or global, but the quantum theory, instead of having
a unique vacuum state which respects this symmetry, has several degenerate vacua that
transform into each other under the action of the symmetry group.

When a global symmetry is spontaneously broken, in the spectrum of the theory, there is
a massless particle for each broken symmetry generator. We’ll see that in particular the
pions are the Goldstone bosons of the spontaneously broken SU (2) axial symmetry of QCD.
They would be exactly massless if the symmetry were exact. Since it’s only approximate,
they are just lighter than the other hadrons.

When a local symmetry is spontaneously broken, the gauge field becomes massive and the
would-be Goldstone boson is turns into a third physical degree of freedom of the massive
spin-1 gauge field. This mechanism gives an effective mass to the gauge bosons W+ and
Z9 of the electroweak theory.

20 SSB in statistical mechanics

20.1 The Landau-Ginzburg theory of phase transitions

Spontaneous symmetry breaking is a phenomena that can be found all over in physics. To
introduce the concept of SSB we first take a look at a very simple model of ferromagnetism.

Let us consider a solid with some magnetization density M(X)'® The energy given by
the interaction of the magnetic dipoles

H=-=> J@v)M(z) M +v)~->_ J(jv)Mx) Mz +v) (20.1)

where for simplicity we considered that the magnetization is homogeneous and isotropic. If
we further simplify by considering only nearest neighbours interaction with equal coupling,
the energy becomes

H=—-JY M) M(x+ ai) (20.2)

z,i

where a is the lattice spacing.
A potential term can be added to this energy since we can consider the energy depending
also to the total magnetization of the solid. This interaction term has to be rotationally
invariant to reflect the fact that the dipole moments can align in any possible direction.
The only rotationally invariant term of M (x)is M (x) - M (z) and so

H= —JZ M (z) - M(x + ai) + V(M(z) - M(x)) (20.3)

What we are now interested in is the region of phase transition, particularly second
order phase transition. The relevant parameter for phase transition in a ferromagnet is the
Curie temperature. It’s well known that above Curie temperature, magnetism ceases to
exist in a ferromagnet. A diagram of the second order phase transition is given in figure 10.

So around T, magnetization is small and we can therefore expand 20.3 is Taylor series
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13 To simplify my work, Il
write M (z) instead of M().
This won’t change in any way

the theory, since we could have
considered a uniaxial ferromag-
net instead of a 3-dimensional
one.

H? M >0

first-order phase transition

‘ critical point

Te \
M=0

M <0
Figure 10. Phase diagram in the

H — T plane for a uniaxial ferro-
magnet
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et (o )) FBT)(M M)+ CT)(M-M?  (204)

In the limit of a — 0, so if we look at the macroscopic level, and by redefining the magne-
tization to incorporate the constant J, the energy becomes

H= %(VM)Q + B(T)(M - M) + C(T)(M - M)>2 (20.5)

Since the system wants to minimize it’s energy, it’ll go in the configuration of M in which
H is minimized. Clearly, M has to be a minima of the potential part of 20.5. In this case

0=on =

2B(T)M + 4C(T)M? (20.6)
and here comes the catch: this minima clearly depends on the specific sign of the constants
B and C. This constant, in field theory, are the mass squared and the possible quartic
coupling, so it’s important to understand this fact.

If B and C are both positive, the only solution of 20.6 is M = 0. However, if C' > 0 but
B is negative below some temperature T, we have a non-trivial solution for T < T, as
shown in figure 11. More concretely, approximate for T~ T¢

B(T) =b(T —T¢) CT)=¢>0 (20.7)
Then the solution to 20.6 is

0 for T > T¢

M = 20.8
{j:[;c(T—TC)]l/2 for T > Tg (208)

This is the qualitative behaviour that we expect at a critical point: a sharp, non continuous,
transition between two states.

20.2 The choice of the vacuum

What we have found is that below critical temperature, there are two possible minima, if
the system is one dimensional, and an infinite quantity of minima lying on a circle if the
system is three dimensional.
This same result could have been found starting from 20.5 by a suitable name of the
constants ) 2 T \

H= 5(VM)2 + TMQ + ZM4 (20.9)
together with the following step when the temperature is below T

m*(T) — —p? When T < T¢ (20.10)

so that the new energy acquires more minima

1 o W a A
H=_(VM)*—-—M*+-M (20.11)
2 2 4
The spontaneous breaking of symmetry comes whenever we apply an external magnetic
field so that we put the system in one of all the possible minima. A ferromagnet below

critical temperature immersed in an external magnetic field has energy

_1 2 ,U2 2, Ara
H—§(VM) —7M +1M —B-M (20.12)
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G(M)A

T<Te

Figure 11. Behaviour of the
potential energy at temperatures
above and belowthe critical tem-
perature.
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This additional term lowers one of the possible minima making it the only absolute minima.
The system will now be permanently magnetized sine the transition probability between
the absolute minima and the relative ones is very small.

Remark. Below critical temperature it becomes thermodynamically favorable to de-
velop a non-zero magnetization, and in this new vacuum M # 0 and the full SO(3)
symmetry is broken to the subgroup SO(2) of rotations around the magnetization
axis.

The original invariance of the system is now reflected in the fact that, instead of a single
vacuum state, there is a whole family of vacua related to each other by rotations, since
the magnetization can in principle be developed in any direction. However, the system
will choose one of this states as it’s vacuum state, which is exactly what we have done
by putting in an external magnetic field. The symmetry is then said to be spontaneously
broken by the choice of the vacuum.

21 The mass term

Suppose for now the have a theory described by the following lagrangian

1 _ 2
L=0,00"0+e (a¢) (21.1)
where « is some real constant. Where is the mass term in this lagrangian? At first glance
it is not clear if there is one. Of course the field ¢ could be massless without any problem,
but this is not the case. In fact, if we expand in series the exponential

EZ%M¢8#¢+1_a2¢2+1a4¢4_%a6¢6+... (212)

2
the quadratic term looks just like a mass term. Evidently the lagrangian 21.1 describes a

partile of mass

m =2« (21.3)

and the higher order terms represent various couplings. This is only one example in which
the mass term in a lagrangian can be disguised.
One other very subtle example which we’ve used before is given by the following lagrangian

c=1 L PO" + “—2¢2 A (21.4)
2 2 4

Here 1 and A are real constants. The second term looks like a mass term but with the
wrong sign! This lagrangian is exactly the same as the one we used before in 20.11. If that’s
a mass term, then m should be imaginary, which is nonsense. But let us stick with this
for a moment and try to reason on how we could interpret this lagrangian. To answer that
question we must understand that Feynman calculus is really a perturbation procedure, in
which we start from the ground state, the vacuum, and treat fields as flactuations about
that state. For most of the lagrangian seen up until now, the ground state was always the
trivial one ¢ = 0. For this lagrangian we find it by minimizing the potential term

2
U(9) = ¢+ 56" (215)

which has two minima
(21.6)
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N.B. This part wasn’t in Mar-
tinelli’s lectures but I think that
it’s instructive to take a look at
it nonetheless.
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The Feynman calculus must be formulated in terms of deviation from one or the other
ground state. We therefore have to choose one and for that we introduce a new field
variable

n=0- % (21.7)

In terms of the new field n the lagrangian 21.4 becomes

1 2 AR A%
- 1 _2
£ 23u77377+2<77+ﬁ) 4<77+\5>

1 A
= 50umd"n — pPn? — V2 — ot (21.8)
leaving out the constant term which does not change anything. We see now a remarkable
thing: the second term now is a mass term with the right sign. So this lagrangian describes
a particle of mass

m=v2u (21.9)

and the other terms describe various interactions. I emphasize that these lagrangians

describe exactly the same physica system, all we have done is to change the notation
for the field.

Remark. The example we have just considered illustrates the phenomena of sponta-
neous symmetry breaking. The original lagrangian was even in ¢: it was invariant
under the transformation ¢ — —¢. But the reformulated lagrangian is not even in #;
the symmetry has been broken. It happened because the vacuum, whichever of the
two one, does not share the symmetry of the lagrangian.

The symmetry broken here is just a discrete symmetry. More interesting things happen
when a continuous symmetry is broken, which we’ll see later on.

22 SSB In the linear sigma model

22.1 Symmetry breaking in the bosonic sector

As discussed before we can apply the same ideas to the sigma model where the three
pseudoscalar mesons and the sigma meson are described by the lagrangian

m2

2

>

1 1
L=50,00"0 + 50,7 O'F — (2 +7-7)— (o2 +7-7)2 (22.1)

S

This lagrangian is invariant under the continuous symmetry group SU(2)y x SU(2)4. In
this theory, all the bosons have the exact same mass m. This theory has only one vacuum
which is in o = 0 and 7 = 0. If now the mass term goes negative m? — —pu? we're dealing
with a set of vacua, connected to one another by some symmetry. To break this symmetry
we put an additional term —ho and study what happens.! The lagrangian is now

1 1 2 A
L= 0,00"0 + 30,7 "% + %(02 +7%) = J(0% +7%)? + ho (22.2)

1This is like adding the external magnetic field term in the ferromagnet to put it in one specific mag-
netization state, i.e. by fixing a real vacuum.

55

)
\
)

—ar
LT

=dl

[]

L7
=

.’
<SS

L7

=
oy
27

=i
L

A
Z
Z
&

NS

<>
<2

SS2
P
s
29
NS

<

<

T
A
5SS

S

T\
\‘:‘

o5
7
S

Figure 12. Symmetric potential
V(o? 4+ 7?).



SSB IN THE LINEAR SIGMA MODEL Symmetry breaking in the bosonic sector 56

We need to find the new vacuum of the theory which is easily done by minimizing the

potential

ou
B = —plo 4+ Mo(o? +71%) —h =0

o
ou

=21+ Ami(o?+ 7)) =0 = A= 22.3

0

Uy

call the solution to the first equation v
=0 = —p*v+M*—h=0 (22.4)

To find the condition of minimization we study the second derivatives

62U 2 2 2
W 7=0,0=v - + 3)\v N mf’
U )
= — %0 + 2\0%0;; = m?
e I i A
0*U
=0 22.5
80'87'('1‘ 7=0,0=v ( )

From the equation defining v we find the following relation

h
v+ P —h=0 = M? == +u? (22.6)
v
that, together with the equations 22.5, defines the mass matrix

2)\v+%

v (22.7)

The minima is where all the eigenvalues of this matrix are positive, which will give us four
positive mass terms. The only way to be positive is when h and v have the same sign.
Let’s now redefine the fields in the stable vacuum ¢ — ¢ +wv and # — 7+ 0. Putting it all
back in the lagrangian, the kinetic term remains the same, while the potential part will be
given by

%[(a+v)2+7r2] —5[(a+v)2+7r2}2+h(a+v)

4
2 2 2 by by A
= %02 + %vz + %71’2 + pPvo — 204 - Zv‘l - ZTF4
20 Ao o Ao 3 3 Ao o 2
— M\0® — —o°m* — —0o%v" — hvo® — Mo — —v*n® — Aovn® + ho + hv (22.8)

2 2
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Let’s check term by term for the o field

A
ot term — Zot
4
o3 term — lvo?
2
I A
o2 term 702 — M?0? — Zo%62
2
H 2 2 2 2 2

2
o term p2vo + ho — Moo
= (v +h— )0
=M —h+h—-2*o=0 (22.9)

and same for the 7 field

A
74 term — 17'('4
2 A
2 term 'u—7r2 R
2 2
1
zaﬁ—Mﬂﬁ
h 2
= -’ = —%H (22.10)
v

there only remains mixed interaction terms and the vacuum terms. All the calculations
where based on the equivalence

h
M? = = 4 2 (22.11)
v
It’s clear now that we got two mass terms with the right sign and the two fields have

different masses.
The full lagrangian is now given by the this factors

1 2 1 2
Liree = 58#08“0 — %02 + iaﬂﬂauﬂ _ %Wz
A A A
Ling = *104 - Zﬂ4 - 5027r2 — \v(om? + a®)
2 A
Loyae = %vz - Zv‘l + hv (22.12)

By comparing this new lagrangian 22.12 with the initial one 22.1 we see some striking
differences: firstly the two fields have different real masses with Am = m2 — m2 = 2.
Secondly we have new interaction terms given by Av(on? + ¢3) which are found by the

initial interaction terms by exchanging one o term with v, so to give rise to the following

57



SSB IN THE LINEAR SIGMA MODEL Symmetry breaking in the bosonic sector 58

vertices

™ o (22.13)

Now we have to take the symmetry breaking parameter h to zero. In this limit we see that

lim, m2 =0 (22.14)
—

Remark. The pion becomes massless! This is not a coincidence, it’s a result of a
general theorem known as Goldstone theorem, which we’ll prove afterwards. The
pion is now a Nambu-Goldstone (or Goldstone) boson.

In the same manner we can find the mass of the ¢ meson from the first equation of

22.3
P+ AP =0 = v=+ % (22.15)
so that, from the first of 22.5 we find
mZ = 2)\§ = m, =2 (22.16)

What we got at the end is a theory in which there is a massive boson and three massless
Goldstone bosons going from an SU(2)4 x SU(2)y invariant theory to a SU(2)y theory.
The first had 6 generators while the latter has only 3. It’s not a case that there are exactly
as much Goldstone bosons as the number of broken symmetry generators.

What is the physical meaning of the field h which breaks explicitly the symmetry of our
system? in the magnetic case was just the real external magnetic field, that we send to zero
in order to study a spontaneously magnetized system in the absence of any external force.
We have however many other physical examples where the symmetry is almost realised,
although it is explicitly broken by a soft term. This is the case of hadronic physics. If
all the light quarks, namely wu, d and s, where to be degenerate in mass, the full SU(3)
symmetry would be exact and the lagrangian would be invariant under this symmetry.
Under this hypothesis the masses of the full baryon octet would be degenerate with the
proton mass. This situation corresponds to the cas in which h = 0. Since the mass of the
quarks are note equal, however, the mass differences manifests as magnetic fields pointing
in a given direction fixed by the strange to up-down mass difference

2mg — my — My

Lh=Amewa = AMsuaqAsq = 3 (255 — wu — dd) (22.17)
and by the mass isospin explicit symmetry breaking
Lp=Am,q = Amyaqrsq = M — M (G — ) (22.18)

We note that the masses of the quarks cannot be derived within the theory of strong nor
electroweak interactions. The origin of the masses of the quarks comes from very high
scales, so that the. physical origin is beyond the Standard Model.
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22.2 Yukawa interactions in the broken phase

Now we study the consequences of symmetry breaking in the fermion-boson interaction
part of the sigma model
L=-Y [01/11/) + 21'77(11/1757'@1/)} (22.19)

What we found in the section on the interaction of the sigma model was that the fermions
had to be massles to have a lagrangian with the same symmetry of the boson one, which
clearly is not physically acceptable. Let’s see now if symmetry breaking solves the problem.
Using the shift ¢ — o + v we get a mass term for the fermions

L ==Y [opy + vy + 2imapy57a Y] (22.20)

with my = Yv. Under symmetry breaking, fermions become massive with a mass my.
This means that the field o couples more to massive fermions. We’ll see later that the o
particle is actually the Higgs boson.
Since the decay width is proportional to the square of the mass, we expect the Higgs, if
mpg > 2my, to decay most of the times in heavy fermions. In fact this is exactily what
we see experimentally. The most probable fermionic decay of the Higgs is into a bottom-
antibottom pair. The decay into top fermions is not possible since m; > my. Furthermore,
the decays into e™,e™ or u™, u~ are practically negligible.

The symmetry breaking SU(2) 4 x SU(2)y — SU(2)y clearly influences also the con-
served currents we found before. Since the only surviving symmetry is SU(2)y we would
expect that current to remain unchanged, and in fact

j‘;j,a — QZ'YHTG'(/} + (7‘(‘ X altﬂ-)a (2221)

remains unchanged. This is also clear by looking at the symmetry broken lagrangian.
Meanwhile, the axial part of the current won’t remain conserved since under symmetry
breaking ¢ — o 4+ v

Y=oy + (97 (0 + v) — 7 (90) (22.22)

we see that a new term appears in the current found before. By direct computation of the
divergence of the current, in fact, one founds that

5L § 1 )
il = “Sar  dac <_2m302 — o (r® + o%) — mfw)

oo oo 0 0 -
_ 2
= moaéaa + \v o + /\vaéaa +my Saa Py
=mZor® + Mr®(0? + %) + 2 ov(n%0 — 7%0) + 2im T Y5

= 2im 750 + m2om® + dor®(0? + %) £ 0 (22.23)

clearly, this is not a conserved quantity.

Let us now make a calculation that might seem nonsensical but it will prove useful
in the calculation of the pion decay width. We calculate the matrix element of the axial

current between a pion and the vacuum in first order in perturbation theory
UFA (22.24)

Firstly we note that the only term in the current 22.22 that gives a non-zero value between
the vacuum and a pion is the term v0#7® since the term with the fermion fields contains
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only creation and annihilation operators for fermions and therefore cannot annihilate the
pion. in higher order this term can contribute to loop corrections like

(22.25)

The terms with pions and the o boson contain some combination of creation and
annihilation operators for the two fields and, even if the pion is annihilated, a sigma is
created and viceversa. So the only possible useful term is the one which depends only on
the pion field.

With this in mind let us evaluate the matrix element

(O] J* |7°) = v (a] 0*n(z) |7*) = vO* (0] 7 () |7")
= vd" (0| P (0)e " ’7rb> = vdFe” P (0] 7(0) |7rb>
= —ivple P (0| 7%(0) |7rb> = —jupk (0] 7%(z) ’wb>

= —juphd® = —iph fr6% (22.26)
With this we find that the matrix element is non zero and is given by
(0] ' |7*) = —ipk fr6% (22.27)

where f, is the pion decay constant and is experimentally found to be around 132 MeV.
With the normalization of the states a la Feynman we have

(plp’) = (2m)°2E,6(p — p')
Ul=3 [ml=-1
[(0[j|m)] =3 —1=20c[m] (22.28)

The result we found 22.27 is generally valid outside perturbation theory. This is so since the
result is a direct consequence of the Wigner-Eckart theorem. Since ‘7Tb> is a pseudoscalar
and 0#7® is a pseudovector, their product has to transform like a vector and since the only
vector at our disposal is p* that matrix element has to depend on p*, which in fact does.

Moreover the proportionality constant has to be a Lorentz invariant quantity and the only
2

T

possible one here is p? = m

23 Back to the Fermi theory

We’re now able to justify the presence of the two different factors g4 and gy in the Fermi
Hamiltonian for the decay of the neutron

GF _ ga ) _
H=—— Pl — = ney, (1 — v5)ve 23.1
Vol ( el Yu(l = 75) (23.1)

We see that the Fermi Hamiltonian we find again the axial and vector currents, like in the
Gell-Mann Levy model. In the lepton current we simply find jy — ja, but in the hadronic
part there are two more factors so that we have gyjv — ga/gvija-

We said in the chapter on Fermi interaction that the factor gy ~ 1 while the factor g4 was
big. Let’s justify this statement using spontaneous symmetry breaking.
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In general we know that in the presence of massive fermions
8uj57v =0 8#.7'5714 = QimeZ’YSTaw (23.2)

Let’s calculate the following matrix element

(m ()| Ity |7 F (p)) (23.3)

Thanks to Wigner-Eckart theorem we know that this quantity, beign a product of two
pseudoscalars and a vector, has to be a vector quantity. The only vector quantities at our
disposal are p* and p'#, the two four-momenta of the particles. Therefore the only form
that the matrix element can have is, given ¢ = p — p/

(7t ()| It |7 () = A(P)P" + B(@)p™ = fH(@) p+ )" + f () p—p)" (23.4)

where we used a more convenient form using two functions f+ and f~ called form factors.
If we suppose that JE  is a conserved current

(70" BTl (@) |7 (p)) = By (7 ()| T () |7 F ()
=0, <7T+(p/)’ e g (O)e_ipx |7r+(p)>
- aue—“p—f/w \Jﬂ (0) |7 (p))
= —igue” " (n* | O) [7*(p))
= —igy, (7 (p' | [ |7T (p))
:—iqﬂ[f+(q2)(p+p)“+f (@*)(p —p")"]
= —if () qulp+ 1) + [ (¢*)d* =0 (23.5)

Since ¢2 # 0 the only possible solution is that f~(¢?) = 0 if the current is conserved.
Moreover, a conserved current gives us a conserved charge

Qem = /(131j ng (236)

Being conserved implies [Qer, H] = 0 and so that we con construct a simultaneous eigen-
basis of both operators. What we get is

Qem |7 (0)) = dem |7 (p)) (23.7)
Using this conditions we can proceed to calculate the following
(7 ()| Qem |7 (D)) = gem (7 (') |77 (D)) = qem2E, (27)*6% (p — p') (23.8)

Furthermore, by using the definition of the charge

0] [ &8 5 0) = [ ()] SGnlo) 7 o)
_ /d3x€—i(E’—E’)tei(p—p’)~w <7T+(P/)}J£m(0) }W+(p)>
= (2n)°8°(p — ") (7 (W) | Jom () [ () (23.9)

By comparing results 23.8 and 23.9 what we get is that

f+(q2 =0) = gem (23.10)
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This still holds in general for the SU(3) currents. We conclude what follows

Remark. If the SU(3) vector symmetry were to be exact, the factor gy should be
equal to 1. But symmetry is slightly broken. A theorem by Gatto gives us the second

2
gy =1+ <md m“) (23.11)
Agep

order expansion to gy

The other factor ga clearly cannot be equal to 1 since the symmetry is explicitly

broken by the mass of the fermions.

More complex form factors arises whenever we search for complex matrix elements.
For example, if we want to evaluate the matrix element of the EM-current between two
protons, from the Wigner-Eckart theorem one finds that

iV

)| T2 () o)) = ) [F1<q2>w T R

5+ Fs((f)(}“} u(p) (23.12)

Whenever the current is conserved one easily finds that

iV

i 00| 200 0) = 0') | P + Fala®) G

u(p') [Fu(q®)d + Fs(¢*)q*]u(p) = 0 (23.13)

Quav + Fs(ff)(f] u(p)

where the o#¥ factor disappeared since it’s antisymmetric and is contracted with a sym-
metric tensor. Again from this we find F3(¢?) = 0 if the current is conserved. Moreover,
the last term is identically zero since the two protons have the same mass

u(p")(p — ¢ )ulp) = (=myp +my)u(p)u(p) =0 (23.14)

If the current is conserved we find again the same result as before, albeit in a more convo-
luted way

P(@)| Qem [P(D)) = Gem2E,(2m)3%(p — p')
= (p(p")| 72 (0) Ip(p)) (2m)*6%(p — p')

Ov
_ e
= u(p) 7" Fi(q* = 0) +ig—aoFa(q” = 0) |u(p) (27)°6°(p — ')
1t 2 _ u(p) o v v, 0 2 _
= ul (pPu(p)Fi(¢” = 0) + 5~ (1" ar =777 4w ) ulp) Fa(q” = 0)
(23.15)
Using the completeness relation
u"(p)u®(p) = 2E,0"* (23.16)
and the algebra of the gamma matrices, we find
gem = Fi(q> = 0) (23.17)

which is exactly what we expect. The two form factors which remains are called electric
form factor F; and magnetic form factor F5.
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24 SSB in a complex scalar theory

Just as a last example of spontaneous symmetry breaking, we consider the charged Klein-
Gordon field

L= (0,0"0"¢) ~V(6'9) (24.1)
This theory has a global U(1) symmetry.
In the broken phase we take the mass term to be imaginary

L = (9,0 (0"0) + p*6'6 — Mo'9)? (24.2)

Notice that we can always write a complex scalar field as a complex combination of two

real fields ) )
o+ o —T

V2 V2

In this representation, the complex lagarangian becomes exactily the Gell-Mann Levy la-

¢ = of = (24.3)

grangian but with only two scalar fields instead of four. The real lagrangian is O(2)
invariant.

To spontaneously broke the symmetry we again add a term which chooses a vacuum
L= (9.")(0"9) + 1?¢'¢ — A(¢T¢)* — hRe{0} (24.4)

As for the Gell-Mann Levy model, we shift the field ¢ — 0 + v so that the complex field

shifts as )
v+o 4T

V2

and by exactily the same computations as before, in the limit of no external field A — 0

b — (24.5)

one finds the lagrangian

L= %(%08“0 - %miaQ + %(%W(“)"W —(n?o +0®) — 2(02 + 72) (24.6)
This models describes the dynamics of a massive scalar field ¢ and a single massless scalar
field 7. This is to be compared with the Gell-Mann Levy model, where the massless modes
where three.

Note that we could discuss the spontaneous symmetry breaking by only writing down the
potential, since it is enough that the symmetry is broken. Indeed the Goldstone theory is
so general that we can derive it even without writing down the Lagrangian. The present
discussion, based on the potential that we write in the Lagrangian, is valid within the
framework of lowest order perturbation theory and can be easily extended to higher orders.

25 Digression: the Pion decay

Let’s come back to the Fermi theory and evaluate the decay of a charged pion in a lepton
couple. This decay'# is represented by the following Feynman diagram

ut
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14 This is true for the Fermi the-
ory which, as we’ll see, it’s just
a low energy limit of the SM.
Actually the diagram is more
complicated and contains the
interaction between the quarks
that make up the pion, medi-
ated by the vector boson WT.
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while the Fermi Hamiltonian is

Hp = _3; (v i A" (1 = y5) vy | fr D)

= i;/li(zf,ra ™) (U, (1 — v5)v,)

(jiprw (G (1 = 75)) (25.1)

25.1 Decay width

As we have done for the muon, let’s evaluate the decay width for the charged pion exploiting
the equation 15.10.
The modulus square of the transition matrix will be

G 12 1 [0 )7 (1 = 26)0 (000,03 (1 = ), )] (25.2)

Summing over all polarizations, we use once again Casimir’s trick with the completeness
relations and get

2:% 2.0 .0 P _ _ a _
A2 = ZEf2p pg T [ (L= 98)(p, = m)y (1= ) (B, + )| (25.3)

Now let’s calculate the trace, neglecting the mass of the neutrino
Tr [77(1 = 3)(p, —m)7" (L= 5)p, |

= Ty ['yp(l — 75)};)”7”(1 — 'ys)pVJ + Tr ['yp(l —5)m, 7 (1 — ’75)}5%}

=Tr [v"(1 = 15)p,7" (1= ), | +W

=2Tr [7'”(1 - 75)}%70}751,“]

= 2ptp {Tr [1*7*777"] = Tr [¥P57%977"] }

= 2phpy {49797 — ¢"79"" + g7 g°7) + dier* 77 }

= 8(1)5295# + PPl — Pu - Pu, 977 +iphp e’ ) (25.4)

At the end what we get is

|A]? = F f2p0pg (prZH +papl, = Pu-Pu, 977+ ipﬁp;“em"ﬂ)
= 4G f2( (Pr - pl/u)(pﬂ : pu) - mfr(Puu ) pu)) (25.5)

where the term containing the antisymmetric Levi-Civita tensor disappears because it
contracts with the symmetric tensor.

Let’s see how we can write all the momenta, exploiting the conservation p. = p, +p,, and
neglecting the mass of the neutrino

Pr Py, = PuPv,
Pr - Pu =M. + PuPu,

pfr = mfr = mi +2puPy, (25.6)

Decay width
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If we substitute into the formula of the transition amplitude, we get

2 2 2 2 2 2
2 _ 2 x My mz +my, oMy Ty,

2 2
—4G? f2<2 m”)(mi—kmi—mi)

m2
=2GEfimim? [ 1— —& (25.7)
m7r
From the full differential decay rate
1 1 m2 ddp d3p
dlh = ~— 2 1— —2 ) (2m)*® e o e (25.
22m7r .f m m < mﬂ)( ﬂ—) ( — P p M)(27T>32EH (27-‘-)32EV“ ( 58)

In this case it’s easier to find the solution for the decay width. Let’s solve the integrals of
the momenta

d*p,, d
I= / p“ —Pp— P, (25.9)

Similarly to the muon decay, this 1ntegral is Lorentz covariant because the delta function
is Lorentz covariant as the integration factor, which is due to the equality specified in
equation 15.23. Now if we use directly that equation for the muon momentum, we get

bv,
/2E / d*py 69 (pr = P — pu,) 502 — m2)O(Y)

3
= [ SE (r = = mie00) (25.10)

In the reference frame of the pion, neglecting the mass of the neutrino

&py, 2 0
= | 35 s(m? —2E,,m; —m,)0(p,) (25.11)

Passing from the neutrino momentum to its energy!'®, as we have done for the muon decay, '° From this moment, we as-
we get sume energy is always positive

dE,, E,, , 5
= 477/ 2E1,; p,j; D”(?( —2E,, my —m,,) (25.12)

Knowing the property for the delta composition with a function, at the end we get

1 mi —m?
I:27r/dEl, E,,—6|E,, - —*
R 2my * 2my,

m2 — m2
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The final formula of the decay width will be
1 1 2G2 m? m2 —m?
F _ - F p2 2 2 1 2 R
22my @2\ L 0y T e

2
(;2F 2 2 mi
= 17 ?ﬂ. mazm 1-— W

(25.14)

s

If now we analyze the decay, we can notice that the theory allows us to consider the
charged pion decaying into a positron-neutrino pair. If we compare the two decay widths
in a ratio, we get a known result

m2 2
1 _ €
INC s + 2 ( 2)
(> etve) _ me M/ ~1,275-1074 (25.15)
D(rt — pty,)  m2 m2
m
( ) m)

The probability that the charged pion decays into an antimuon-neutrino pair rather than
a positron-neutrino pair is very high and, for this reason, the decay into an electronic pair
is strongly suppressed.

Actually we could analyze the same problem starting from considerations on helicity.
If we take the matrix element for this decay, after some semplification, we would get'®

_prwcosec
V2

where the subscript [ stands for lepton, which in general can be one from e, ;1. Observe the

Agi=

mya(v) (1 4 vs)v(l) (25.16)

strong dependence on the mass of the lepton and that it vanishes whenever m; = 0. This
can be understood by observing that charged weak currents depend only on left-handed
quantities. In the massless limit, a left-handed operator describes a particle with helicity
—1/2 and its antiparticle with helicity +1/2. So, if the neutrino is massless or its mass is
so low that we can consider it massless, it’s going to be left-handed. Since the pion has
spin zero, conservation of angular momenta requires that also the antilepton has negative
helicity. Remember that helicity is the component of the spin projected on the direction
of the momentum of the particle and that in a decay, in the rest frame of the decaying
particle, the two decay products are back-to-back. However, the antilepton created by a
massless left-handed Weyl field has elicity +1/2. Therefore in the massless limit the process
is forbidden because it would violate the conservation of angular momentum.

. -
ph ——m gt ———

This result extends to the branching ratio found before: the decay into more massive par-

ticles is favorable!” since it’s further from conservation angular momentum violation.

It’s important to note that whenever we find such results as the one for the branching
ratio, we should always ask ourselves if that specific result comes from symmetry consid-
erations, since most of the times it does.
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16 9 is the Cabibbo angle and
turns out form the mixing of
We'll talk about this
in the chapter on the Standard
Model and the CKM matrix.

quarks.

17 We cannot consider T lepton
because it has a rest mass much
higher than the pion.



Goldstone Theorem

We have seen that there are three massless bosons in the broken Gell-Mann Levy model,
where the initial symmetry is broken down as SU(2)4 x SU(2)y — SU(2)y. However
there is only one massless boson in the broken down global U(1) complex lagrangian, in
which the real field symmetry breaks down as SO(2) — SO(1). Thus we may ask how
many Goldstone bosons are generated whenever a continuous symmetry group is broken
into a subgroup.

The result is what is known as Goldstone theorem. We’ll state the formal theorem in the
section of the non perturbative proof.

26 Perturbative analysis

In this first section we discuss this point in the framework of perturbation theory.
Consider a potential V(¢?) depending on several fields with an internal index i which
rotates as
pit = ¢' +iat(tN) ) 69" =iat(th); ¢ (26.1)
If the theory is invariant under this transformation
V(¢! +ia(th)¢7) = V(9') = 0 (26.2)
By expanding up to first order one finds

5V 1%

Sl =i (t4) ) = 26.
S0 = 0 S (Y = 0 (26.3)
Since this equality has to be true for any a we have
g}; tY,¢' =0 VA=1,--- dimG (26.4)

where dim @ is the dimension of the group of the underlying symmetry. If we take another
derivative in ¢*

0 [0V avi 4 B2V a0V

— - (t7). ) | = - (7). - (7)Y, = 26.

7[5 0149 = s )07 + G4 =0 (26.5)
Suppose that now we fix the vacuum expectation value on the vector v = (vq, -+ ,vp)

where D is the dimension of the representation in which the field ¢’ belongs. Since in the

vacuumn we have

oV
— =0 26.6
6¢’L (251:1)7 ( )

the equation 26.5 evaluated on the vacuum becomes

%

Ayi g Ayi
3RS (t4) 07 = M ()07 = 0 (26.7)

Pi=vi

since the second derivative evaluated on the vacuum is exactly the mass matrix. We
now introduce the vector wy = (wl,--- ,wf ), one for each generator with components
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w'y = (t*)";07. With this the final equation becomes
M3wh =0 (26.8)
At this point there remains only two possibilities

wy=0= (tA)ijvj = the generator does not transform the vacuum

w4 #0 = the generator does transform the vacuum

in the latter (tA)ijvj is an eigenstate of the mass operator with eigenvalue zero. Therefore
we conclude that we have as many massless spinless'® particles, which we’ll call from now
on NG-bosons, as the number of generators which do not leave the vacuum invariant.

27 Non perturbative analysis

The proof that we’re going to give now, does not rely on perturbation theory. This proof was
given by Weinberg, Salam and Goldstone in their famous paper. This proof relies heavily
on what is known as Kéllen-Lehmann spectral representation which we’ll see in detail in
the following section. From that, it will be easy to construct a proof which does not
rely on perturbation theory since the Kéllen-Lehmann representation is a non-perturbative

formula.

27.1 Asymptotic Theory

Although this is beyond the scope of the electroweak course, we’ll highlight some concept
which will be useful later on, and that will be covered in much more details in following
courses.

Broadly speaking, quantum field theory can be thought of as based on the following ele-
ments: the possible states of a theory are generated from a unique vacuum state |0) by the
action of free fields ¢;,(z), which generates the Fock space of states; physical observables,
such as the interacting field ¢(x) can be expressed in terms of the free fields ¢;,(x). The
basic idea behind this setting is that the interacting fields, as well as other observables,
can be found from the free field by switching adiabatically on and off the interaction as
xo — Foo. This construction is clearly relevant to scattering processes where the incoming
particles are to be thought as free particle, well separated in space, before interacting.
Starting from the interaction field ¢(xg,X) one should recover the free one ¢;, (zo,X) when
xo — —o0, but this generally occurs up to a wave-function renormalization constant Z'/2

lim _¢(xo, %) = ZV2 i (w0, %) (27.1)
o — 00
Analogously

Jim @0, %) = 212 6ou (w0, %) (27.2)

where ¢oui(z) is a free field. The free fields satisfy the free KG-equation, in the case of
scalar fields, while the interacting one does not. The free fields can be therefore written
down as the usual expansion with creation and annihilation operators

d3p —ipx T ipx
¢in/out(x) —/W(am/aut(p)@ —i—am/out(p)e ) (27.3)

satisfying the usual commutation relations. The main important difference between free
fields and interacting fields is that ¢;,, /ou¢ () |0) creates one particle states whereas ¢(x) [0)
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clarified in the non perturbative
proof.
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creates multuparticle states due to the interaction.

27.2 Kallen-Lehmann spectral representation

When we studied the A¢* theory, we have seen how the propagator of an interacting theory
can be found through series expansion of the matrix elements of the interaction lagrangian
between non-interacting vacuum. The formula we found was based, as said before, on a
perturbative analysis method.

Now consider, for simplicity, the scalar field propagator (Q|T¢(z)¢(0) |Q2) and insert in it
a complete set of multiparticle states |n)

(Q Te(x)p(0) [2) = (2 O(1)d(x)p(0) [2) + (2 ©(=1)p(0) () |2)
—2975 (Qf () [n)n] ¢(0) |2) + O(=t) (2] $(0) [n)n| $(z) |2)

= Ze_”’””@) t) (2] ¢(0) [n}n| $(0) |22) + e O(~t) (2] $(0) [n}n| $(0) |2)

= > 1{QU6(0) [n)|*(B(t)e™ P + O(—t)e'"") (27.4)
by inserting another identity in the mix, one gets
d4q 72;0 zp 4
= W(@(t) "4 O(—t)ePnT)(2m) Z| (Q| $(0) [n)[*6*(q — pn) (27.5)

The quantity

pla) = (2m)° D [(26(0) [n)*8" (q — pu) (27.6)

n

is called spectral density. We can easily prove, in the case of a scalar field, that this
quantity is Lorentz invariant, in fact

p(d) = (2m)2 3 1] 6(0) [n) 64 (¢ — pl,)

n’!

= (21> 3 (I AT (0)A [n) |64 (A — pn)

= (2m)% > (2] ¢(0) [n)[? m5(q pn) = plq) = plq?) (27.7)
Moreover n
Pn = an,i (278)

where p,,; is the momentum of the i-th particle in the n particle state |n) and therefore
(pni)? > 0 with p,zm- > 0; this implies that p? > 0 and p2 > 0 and, in turn, that p(¢?)
vanishes in the backward light cone, so that p(¢?) — p(q?)O(q°).

We can now insert another identity [ du? §(q® — %) =1 to the propagator, getting

/d / dg’ &’ [@(t)e—iq(’t“q"‘ + 6(—t)e“lo’*‘m“"}p((f)@(qo)5(qo2 —¢*—p?) (27.9)

p(q°)

Figure 13. Sketch of the spec-
tral density p(¢?) as a function of
¢*, which highlights the presence
of a ¢ corresponding to the physi-
cal mass associated to the one par-
ticle state, of possible additional
peaks do to bound states and of a
continuum associated to multipar-
ticle states.
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Since E? = ¢* 4 pi* the delta function just becomes 0((¢" — E;)(¢° + E,)) but, there being
a 9(q%), the term ¢° + E, vanishes, leaving only what follows

(5((]0 - Eq)
2E,

- / du” / df;wiq [O(t)eia"riax 1 o(—t)e'=iax] p(¢)0(q")

d3q

- / e / 25, @y PO P 1 O(=t)e Pt ()0,

3
= / dp® p(p?) / 2Ej(zqw)Q[@(t)eZ’E<z’f+”q"‘+®(t)e“fqtZq'x}@(Eq)

— [ plu)inpain?) (27.10)

where A% (z; ?) is the Feynman propagator with mass p? if the same field. We can remove
from this integral the one particle states |1)

og” —m?) (27.11)

> 1(Q1¢(0) [n) [*6*(g—pa) = /d3pl (Q[¢(0) |p) *6*(g—p) = Z@(qo)w
n=1

which directly comes from the normalization condition of the interacting fields, what we
get is

p(1*)0(¢") = Z6(1* = m*)O(d°) + (2m)° Y (2] $(0) In) [5* (¢ — pn) (27.12)

n>1

which inserted in 27.10 gives

(I To()$(0) 0) = ZiA)(xim?) + / ()it (s ) (27.13)

Min

which provides the Kéllen-Lehemann spectral representation of the propagator for a scalar
theory with interactions. In Fourier space, this representation becomes

iz > ip(p?)
GO (p?) = _» / dp? —22 2 27.14
(P7) p2—m2—|—i6+ m2, Mp2—u2+ie ( )

As a function of ¢> € C te propagator is characterized by an isolated pole for ¢? = m?2,
with residue i and by a branch cut on the positive real axis, starting from ¢* = m?, and
controlled by the spectral density, with possible additional poles due to bound states. Note
in particular that G(Q)(z) is analytic in the complex plane away from the real axis. The
i€ prescription tells us that the physical sheet lies above the branch-cut. Another relevant
relation can be found by taking into account that

1
T+ i€

1
= P; — 7o (x) for e — 07 (27.15)
in the sense of distributions, where P is the principal part, and therefore
Im G (¢?) = 7p(¢?) (27.16)

The myy, factor in the lower bound of the integral depends upon the theory which we're
studying. For example, for the A¢*-theory, we know that only particle states with 2k + 1
particles can be created. So right after the single particle state the only possible multipar-
ticle state that can be creates is |3), which implies that my, = 3m.

Figure 14. Analytic structure of
the propagator G<2>(q) of a scalar
field, as a function of ¢> € C
which highlights the presence of an
isolated pole corresponding to the
physical mass, possible additional
poles due to bound states and a
branch cut related to multiparti-
cle states.
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27.3 Goldstone Theorem

We now state the so awaited Goldstone theorem

Theorem 27.1. Let G be a group of global continuous symmetry with generators ¢4,
A =1,--- ,dimG, acting on some system. By Noether’s theorem, we have dim G
conserved currents J/f (z) such that 8"J/f‘ () = 0 and the associated charges Q% =
[ d3zJg (x). The group G is said to be spontaneously broken if, on the vacuum the
generators splits into two sets, labelled by A and B, such that

RQY0y#£0  QFl0)y=0 (27.17)

with a non-empty set for A. The unbroken generators labelled by tZ form a subgroup
of G, denoted H < @G, so that we have dim G — dim H broken generators (A =
1,--+ ,dim G—dim H). Goldstone’s theorem states that, independently of the specific
pattern of symmetry breaking and physical system we are considering, in the spectrum
there will appear one massless and spinless particle for each broken generator. The
particle will be scalar or pseudoscalar, depending on the parity pf the associated
broken generator. These particles are called Goldstone or Nambu-Goldstonee (NG)
bosons.

The proof follows: let ¢® be the set of fields responsable for the spontaneous symmetry
breaking G — H. The field ¢* need not be "fundamental" here; all our remarks apply
equally well is ¢® is a synthetic object like I'9.

The non invariance implies that the infinitesimal action of the group doesn’t leave them

invariant on the vacuum
(0] ¢"(0) [0) # (0] ¢°(0) |0) (27.18)

In other words one must have
(016¢°(0) [0) = (0] [Q*,6¢"(0)] |0) = 5™ # 0 (27.19)

for all broken symmetry generators, labelled by A =1,--- ,dim G — dim H. We shall show
that if the vacuum is not annihilated by Q%, so that 27.19 holds, then the theory must
involve massless particles.
The place we’ll look for zero-mass singularities in the propagator of the conserved currents
J;:‘ with the fields ¢®

(0] TJ5 ()" (0) |0) (27.20)

Since 9" JiH(z) =0

0" (0| TJ;1(0)¢"(0) [0) = 0" (0] [O©(2")J;} ()" (0) + ©(=2°)$"(0)J (z)] |0)
b

= 0(2°) (0] J;(0)¢"(0) [0) — (=) (0] ¢"(0) T () |0)
= 6(2°) (0] Jg'(0)¢"(0) 0) — 8(") (0] "(0)Jg' () |0)
= 3(2°) (0] [Jg* (=), ¢"(0)] [0) (27.21)
Let us denote G;"b the Fourier transform of the 2-point function above
d4p , —ipT
0TI @O0 = [ GE G we (27.22)

By Lorentz invariance
Gi(p) = ip, HY (p?) (27.23)

Goldstone Theorem
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Therefore, integrating over spacetime the quantity the 4-gradient of the 2-point function

/d%@“ (01 TJ;(0)¢"(0) [0) = /d%@”/
- f e

one gets

W (p)e

) —ipx

d'z QHA’b(pQ)e_im
— [ @) (27.24)
but this, from equation 27.21, is equal to
[ ) (0] [ @), 6(0)] 0} = (0] [@, ()] [0) #0 (27.25)
which means that
[ s ) = (0] 1@, ¢ 0)]0) £ 0 (27.26)

Then, if condition 27.19 holds, the integral of the divergence does not vanish. More precisely
we must have

Ab( 2 5
HAY(p?) = 2 4. (27.27)
which is a pole in 0 of the 2-point function. From the Kéllen-Lehmann representation this
can only be done if there’s a massless particle, one for each broken generator A.
If we denote the one particle states |[NG.)

(NG.|¢"(0)|0) = %2 (0| J;(0)ING®) = —ip" f;*° (27.28)

Using the Kéllen-Lehmann argument, taking into account the one particle states above,
one gets using the usual nor

(g A,esb b x ) 7
(017 (@) (0) oy = P 0T H/dﬁ(—lp*‘)ﬂ%

p? —m2 + e p? — pu? +ie
pp.fA czb 61) )
27.2
p? —m2—|—ze /du —,u + i€ (27.29)
M2
where
PP (?) = (2m)% Y (01 J;1(0) [n)n| 6°(0) 0) 6(p — ps) (27.30)
n>1
It’s easily found now that
st =if ezl 8, =if 20 (27.31)

The above proof of the Goldstones theorem does not rely on perturbation theory,
indicating that NG particles are expected to arise whenever a global symmetry group is
spontaneously broken, no matter whether the theory undergoing the symmetry breaking
is weakly or strongly coupled. The fields ¢® responsible for the symmetry breaking are
also not necessarily elementary fields appearing directly in the Lagrangian at some energy

Goldstone Theorem
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scale, but might be composite fields built with different fields. The most relevant example
of this kind is the spontaneous breaking of the SU(2) chiral symmetry in QCD, induced
by effective scalar fields ¢ constructed out of quark bilinears. In this case, the three
NG bosons are spin zero mesons that appear as bound states of the original quarks, the
pions 70, 7. We close this section by noticing that the Goldstones theorem applies for
internal symmetries only, namely for those symmetries whose generators commute with the
ones of the Poincaré group. Goldstones theorem does not apply for local (i.e. space-time

dependent) symmetries.

Goldstone Theorem

73



The Photon Propagator

28 The massless photon

We know that we can find the propagator of a given field solving for the Green function
problem. In the massless photon case, we know directly from Maxwell’s equation, that the

free photon field solves
(—g""0,0" +0"0")A, =0 (28.1)

What the Green function essentially does is to find the inverse of the differential operator.
If we search for it in Fourier space, the equation we have to solve is the following

(9""q" — ¢"q") Dy, = 6", (28.2)
The problem in inverting the operator g*¥q? — ¢*¢” is that this is a projection operator on

the transverse direction of the photon field, so it’s not invertible. In fact, if we split the
photon field into transverse and longitudinal components

A pt A, ph
Au(p) = Au(p) — Py ;2 + Py ;2 = Al(p)+ AL (p) (28.3)
from this, we see that
(¢"p* — p'p") A (p) = +p°p ’;—2 —p’p ;‘)72 =0 (28.4)

To solve this problem, which is essentially a consequence of gauge invariance, we put a
gauge fixing term in the lagrangian

1 1 1
= _—"F, F" - —(9,A")? = —ZA,0" A, 28.
L= g Fu P = e (0uA")? = —5 4,0 (28.5)
where )
oW = g" 9,07 — (1 - €>8”8” (28.6)

From this lagrangian, which is not gauge invariant anymore, we find the new equation of
motion and therefore the new propagator

v 1 v
(g“ ¢ - (1 - §>q”q )Dup(q) =", (28.7)
If we choose D,,, = Ag,, + Bqvq,
v 2 1 KoV iz
97 q — 1—5 a"q" | (Agvp + Bauq,) =6 p
1
Ag*8", + BePq"q, — (1 - f) (Aq"q, + Ba’q"q,) = 6%, (28.8)

By inspection of both sides one finds

1 11-¢

A:
q? q

(28.9)
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Altogether the propagator becomes, by an arbitrary multiplication by ¢

i 1-¢
Di(q) = —— 9w + ——quaq 28.10
(@) — (gu g ) (28.10)

Now we have the freedom to choose the value of the lagrange multiplier £. Some useful
gauges are the following

_igﬂll
-1 F D, (q) = =9
13 eynman gauge D, (q) 7 ic
¢ =0 Landau gauge D,.(q)= o —Guw + v (28.11)
. q® —ie K q?

Notice that the Landau gauge contains the projector on the transverse state of the photon
field.

29 The massive photon propagator

We see then that it’s not a simple task to define a massless propagator for the photon. The
problem does not arise if in the lagrangian there’s a mass term

1 1
L= FuF" - §m?4AMA“ (29.1)

In this case, the Euler-Lagrange’s equation for the photon field become

(—g““&,@” + oHoY — mi)Au =0 (29.2)
From this we can find again the propagator in Fourier space

(9""q* — q"q" —m%) Dy, = 0", (29.3)

Using again the form for the propagator given before, we find

i qudv
D,, =— | —9uv 29.4
H (q> q2 7 m124 T e ( Iu + mi‘ ) ( )

This was very much easier to find, no problems with the lagrange multiplier or anything.
But there’s a much subtle problem in this case concerning the term g,,q, /m?. This massive
photon theory is not renormalizable. We’ll see now an example of this.

29.1 The renormalizability problem

Consider the following process e”p — e~ p at first tree level

) e (k)
() " qQudv \ — /1 .y
1 )i ) (g (- 9B ) eyl
p(p) p(p)
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We focus our attention only on the g,g, part and see what happens

= L Quqv v 1 _

u(p')y! U(p)’;T(l = u(k)y" u(k) = QU(p’MU(p)(l = u(k')qu(k) (29.6)
Using the fact that ¢ = k — k' = p — p’ and Dirac’s equation, we get, from both currents

u(p)(p — plulp) = (—myp +my)u(p’)u(p) =0 (29.7)

And so this whole factor is zero. But what happens at the next order in perturbation
theory? Some of the diagrams that we have to take into account are

YJFLJF: % % 4. (29.8)

But for our purposes let’s take into account only the vertex correction

1{31 k2

/ e (—ie)*u(ka)n” i x
(2m)* DV Gy —p) —m2 +ic !

i Y i
X o _p) - i€7 U(lﬁ)m (_gpo' + prppa

In the limit of big momentum transfer between the electrons p — oo, the intergal goes as

A 4
d’p

The integral diverges, but slowly. This divergences can be easily renormalized using mea-
surable quantities like the electric charge.
But if the photon is massive, the integral would go as

A 4 2
N/ dp A (29.10)

p2m2 m2

This divergence explodes much more rapidly than the first one. A theory with such diver-
gences is much more difficult to renormalize. This consideration creates a big problem in
the construction of a theory of weak interactions since we want it to be a gauge theory
but at the same time it needs to be small ranged, since experimental evidence gives us the
range of weak interaction of the order of 10716 m. This requires a massive gauge boson
mediator.

The problem to this was solved by Higgs, Englert and Brout with the know known Higgs
mechanism.

)

The renormalizability problem
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The Higgs Mechanism

The Higgs mechanism is the happy marriage between gauge invariance and spontaneous
symmetry breaking and helps us give a mass to the photon field without putting explicitly
the mass term, which we have seen to be quite problematic.

It might seem strange that we would like to give mass to the photon, but the same mech-
anism which we’ll see to give mass to gauge bosons was before known in statistical physics
in a process studied in detail by Anderson. Superconductors are materials that at very
low temperature repel magnetic field lines and have zero electrical resistance. This phe-
nomenon is dominated by the interaction between conduction electrons and phonons that
gives rise to the possibility of creating electron-electron bound state since the phonon at-
traction exceeds Coulomb repulsion. This bound state behaves like a boson. Then we can
imagine to send some light on the system and see how it behaves. What we observe is that
light will penetrate the material but up to a characteristic distance A, which means that

—z/A

the field decays as e . What this means is that the photon acquires a mass from its

interaction with the electron-electron pairs. Its Compton wavelength is in fact A = 1/M.

30 How to give a mass to the photon

30.1 The miracle of the Higgs mechanism

Let us consider a general global U(1) lagrangian
2 2
L=10u91" = V(") (30.1)

We know that to make this theory a local one, we need to introduce the gauge covariant
derivative, where the connection is given by the photon field A,

D, = 8, —ieA, (30.2)

where the —i is there since the derivative needs to be antihermitian. From requirement of
local invariance, there also appears the kinetic term of the photon field, such that the final
local U(1) lagrangian becomes

1
L= 1Dy’ = JFuF"™ = V(|[) (30.3)

Expanding the potential and the gauge covariant derivative, we’ll get the full lagrangian
comprised of the kinetic terms of both scalar boson and vector boson fields, plus the
interactions between them

1 <
L= 100" = m?|6l” = M|o")? = [ Fu " — ieA 610, + * A, A" |6 (30.4)

In this theory we have therefore four degrees of freedom: two massive scalar bosons with
opposite charge and 2 polarization of a massless photon. We could easily use two real fields,
in the same way as we’ve done for the Gell-Mann Levy model

o —mT

V2

¢:U+i7r quf:

% (30.5)
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Again, as done before, we flip the sign of the mass term m? — —u? and break the symmetry
in a nonlinear way
Vo) N
() = —=—Leim@)/v v=——= 30.6
== VA (30.0)
If this realization seems strange, let us just point out that it’s not much different from the
one used in the linear sigma model, in fact by expanding the exponential one finds

_v+to(r) m(x) 2\ _ v+ o(x)+in(x)
o(x) ~ 5 (1 ti— =+ o(m )> = NG (30.7)

Clearly by putting 30.6 in the lagrangian 30.4, the potential won’t depend on 7 and we

can rewrite it as
2
Vol = —(6'0) + A1 =A( 60~ 5 ) (30.5)

Therefore

n(a (@ 1
L= (0,+ieA,) (U—i_\/;)e_’ o (Ou +1ieA,) (U_‘_\/;)ez(v) - %((U"’U)2 —0?) — ZFWFW
(30.9)

What we can now do, and this is the important step, is to get rid of the exponential factor,
and so of the soon to be Goldstone boson, by means of the following gauge transformation,
called unitary gauge

() = e @(0)
o () = ¢ (x)e'™) (30.10)
A, (2) = Au(0) + 1 Dyaa)

—~
~—

m(x
for which we have to choose a(z) = ——=. By using it in the lagrangian, this will give
v

L= (8, +icA,) (”“) (8, — ieA,) (”“) - 2(@ b)) = 1p, P

V2 V2 4
%QLJG”J + %GQAHA#(’U +0)? =2 ((v+0)?—v?) - EFWF’“’ (30.11)

~| >

What we get is then, beside interaction and some constant terms from the vacuum expec-
tation value, is

1 m2
Ly = iﬁuaﬁ“a - 7‘70 mo = V2u

1 2
La, = —7FuF* — %AHAH ma = ev (30.12)

The photon propagator in this theory is given by

—+ N + ..
—ghv gk 1 —gPV ] 1
e + e (ZquU)q?(ZGUQp) 2 +o= —Zgﬂym (30.13)

which exactly gives back the massive propagator with mass my = ev.

We found a mass to the photon which is proportional to the coupling. The degrees of
freedom of this theory, which bare in mind is the same as the initial lagrangian, are still
four since we now have one massive scalar particle and three polarization of the photon,
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since it’s now a massive boson. Please understand: the initial lagrangian with the opposite
sign mass and the final lagrangian describe exactly the same physical system; all we have
down is to select a convenient gauge and rewrite the fields in terms of fluctuations about a
particular ground state. We have sacrificed manifest symmetry in favour of notation that
makes the physical content more transparent, and allows us to extract the Feynman rules
more directly. The extra degree of freedom of the photon field came from the Goldstone
boson 7 which the photon "ate" when we choose a particular gauge.

As a little recap, we have in the end the following

Field Mass term Propagator

o m?2 = 2\v? = 22 !

g

p? —m2 +ie

(30.14)
s disappeared

i quqv
A m2 = 321)2 N — + H
" A q? —m? +ie Guuw m?

But wait, we got again a propagator which threatens the renormalizability of the theory! To
see that in reality the problem now is different, since we didn’t explicitly add a mass term
but it came from gauge invariance, we now see that the matrix elements of the S-matrix

are the same as the ones that we would get with the usage of the t’Hooft gauge.

30.2 The t’Hooft gauge

Consider now the following gauge fixed lagrangian

. 2
L= Dol + 12016~ N810)” — T FuF* — % (aﬂAu - ko~ ¢T)) (30.15)
Since ¢ — ¢! = iv/2rm
—%(GHA“ + evem)? = —% ((0,A")? 4 e20*E1* + 2evémd, AM) (30.16)

This means that in this gauge, the longitudinal part of the photon field is the 7 field. In
the broken phase the lagrangian becomes

1 mg 1 62025 1 y e2y? 1 .
ﬁ = 5(8#0')2 — 70’2 + 5(8;/71’)2 — T’Tf — ZF#VFM + TA#AM — E(a“AN)Q + int.
(30.17)
Hence we obtain what follows
Field Mass term Propagator

9 1
7 Mo p? —m2 +ie (30.18)

s m?2 = v2e%¢ !

p2 — m124§ + i€

For the photon part, we have to find the propagator in the same manner as done before,
given the lagrangian

1

1
L=—-F,F"
ity

1
m% A, A — E(a,“aw)2 (30.19)

The t’Hooft gauge
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The equation of motion is given by

(0,0" —m3%)g" (1 - §>8“8”]A =0 (30.20)

Again, by imposing D, = Ag,,, + Bq,q, what we find is

—i
D = —
MU(Q) - m% T ic

(g;uz - (1 - g)%) (30.21)

Note that when v = 0 = m4 = 0 we get back the covariant gauge. Now the problem
with the ultraviolet divergence is solved since we don’t have the term g,q, /m? term.

31 Building up the theory

Now we have to build a lagrangian for the fermionic part so that, upon finding the Feynman
rules, we can evaluate the S-matrix of the process f+ f — f + f and prove that the results
we get from the t'Hooft gauge and the unitary gauge are the same, and so no divergent
problems appear.

31.1 The fermion lagrangian
It’s easy to build up the lagrangian for the fermion with the interaction of the scalar field
L =pr(iD)r + Yr(D)Yr — Y [Yro L + Yrovr] (31.1)

The Yukawa coupling terms are such since ¢ and v, rotate in the same manner. In terms
of the o and = fields, the interaction term becomes

ﬁ_Y{djlz%(er\c;éiﬂ) 75w+w1+75<v+j@+i7r)1+275w]

_ -lv+o—iml—2 v+o+imrl4s
B Yw[ V2 > V2 2 ]¢
I R N0 N CF TR G S &

In the end we got, as expected, a mass term for the fermions which depends on the coupling
my = Yv/v/2. In the end, in the lagrangian we have

= D)= my s+ A = ot = Sbdr (319
which gives us directly the Feynman rules
A, ™ o
. 1—15 i Y .
= —iey, /\ = —575 =i
f f f f f f

The second vertex disappears in the unitary gauge.
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32 The ff matrix element

We now focus our attention on the process ff — ff. The matrix element of this process

2
f
= < (32.1)
f

will be given at tree level, in general, by the following diagrams
f o f o f
Ay 7r
+ T T +
f Fof for

The propagators in the two gauges are summarized here

t'Hooft gauge Unitary gauge
—1 AH —q
(g~ (1) 2T " v (g -
q> —m?% +ie \"" q> — &m? @? —m? +ie \""" m3
i(p+my) 0 i(p+my)
2 _ 2 1 s o * 22 1.
P my + 1€ P mi + 1€
i o i
P2 —m2 + ic p? —m2 +ie
v ---T_ __. ABSENT

p? —Em? + e

We now compute the various matrix elements in the two gauges.
First we start from the unitary gauge, in which the pion term is absent, and get what

follows
I ;
& = () 9000k g (e — 28 Yol i )
= 1 T 2 q2 — m% T ic Guv m?q b2 Yv)ulpP1
7 i

o _ —1Y 1 _ —iY
_> < i = u(kl) \/§ U(kQ)pQ — mg ¥ iéu(p2) \/§ U(pl) (322)
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In the t’Hooft gauge instead we get

A —i 4.9
= ﬂ(kl)(—i€7u)v(k2)m <9m/ -(1- f)qg_un:iﬁ>v(l72)(—ie%)u(pl)

f f
f f
o _ —iY ) —iY
> < = u(ky) ﬁv(kz)p T2 T ie (p2) 2 (p1)
I f
T Y i Y
> < =) = ) o) ) (32.3)
f f

The main difference, beside the pion part, is in the photon. By simple comutation we can
see that the t’Hooft term is just given by the unitary one plus another term

. 1-— 1
—e? Z<q2m£2€_m2)
= UG + (T Jath)g ot~ A )1 5)utrn) (32.4)

q® —miy

Let’s take a better look at the additional term. The middle term is just

1 (mi‘ —mi&—q¢* + mif) —— 1 (32.5)

g% —m3 (¢% = m%&)m3 m? (¢> — m3%€)
Then
(H = UG + Sa(k)g(1—vs)o(ks)— ————a(pa)d(l = y)ulp)  (326)
4 m% ¢ — m34¢

In the s-channel ¢ = k1 + k2 = p1 + p2 and so

(k) (Ky + Ko) (1 = y5)v(ka) = u(ka)ky (1= v5)v(ke) + a(kr) (1 + v5)kyv(kz)
= (my —my)u(kr)o(kz) — 2mu(ky)vsv(k2) (32.7)

and the same goes, with the opposite sign for the other half of the term. In the end what

we get is
e? 4m 1 _
tH = T2 (kl)%v(kz)mv(pz)%U(Pl)
4 A
e? 4Y2p? _ 1 =

= UG — ZWu(kl)%v(kz)mv(m)%u(pl)
Y 1 Y

= UG —a(ki) —=50(k2) 5——5=0(p2) —=75u(p1) (328)
V2 q° —m3¢ V2

Fureka, the additional term in the t’Hooft gauge gives exactly the unitary gauge plus the
pion term but with opposite sign, so that cancels out to give exactly the same result in the
two gauges.
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Therefore, given the fact that the t’Hooft gauge has no ultraviolet divergences and gives
the same result as the unitary gauge, found through the help of Higgs mechanics, then
even the unitary gauge has no ultraviolet divergences. The problem of renormalizability

has been solved.
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Yang-Mills Theories

33 Abelian and non-abelian gauge invariance

We have seen multiple times that the requirement that a theory has to be locally invariant
under a U(1) symmetry group, requires the construction of a covariant derivative and
directly from that, there arises a new field with it’s specific kinetic term.

What we want now is to give a better understanding of the underlying geometric nature
of the covariant derivative and the field which pops up whenever we require local gauge
invariance.

The simplest case we encountered of local gauge invariance is the local U(1) symmetry
group of QED. This symmetry is a very special one since is an abelian gauge symmetry.
Limiting ourseves to only abelian groups is clearly not enough and so we’ll apply the same
reasoning that we have seen for the local U(1) symmetries to more complex symmetry
groups and see what happens.

33.1 The geometry of gauge invariance

As we have seen, local symmetries endanger causality in field theory. So a better way of
talking about symmetries is by their local counterpart. In the case of QED the symmetry
group is U(1) which means that the fermion fields transform as

P — 9@ gp 5 e 9@ (33.1)

If we want to take the derivative in the diraction n* of a spinor field n* 0,1 we’re implicitly
doing a wrong calculation since

ko = li

O = liy
The subtraction is ill defined! We are comparing two fields which transform in completely
different ways. If we want to compare two quantities which transform in a given manner
in two different points in spacetime, we need a comparator U(y,z) that transforms in the

following manner
Uly,z) — 90U (y, z)e 9@ (33.3)

so that ¢ (y) and U(y, z)1(x) transform in the same manner

P(y) — e 9Wep(y)
Uly, 2)y(z) — 90U (y, z)e 9@ 0"y () = e9*WU (y, 2)1)(x) (33.4)

Moreover, a sensible requirement is that U(y,y) = 1. Without loss of generality, the
comparator can be seen as a pure phase €% 19 With this we can construct a well
defined derivative D, in spacetime

TL“D,A/) — lim ¢($ — 'fLG) — U(J? + nevx)w(aj)

e—0 €

(33.5)
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Infinitasimally the comparator becomes
U(z + ne,z) = 1 +igen, I'* + O(€?) (33.6)
so that

0D, = lim = [(z + ne) — ¥(z) — igen T, ()]

e—0 €

— lim ~[(z + ne) — ()] — ign"T,(x) (33.7)

e—0 €

which gives us the final form of our covariant derivative in the abelian case
D, =0, —1i9T, (33.8)

The quantity I',, is called connection in differential geometry and it’s what permits us to
transport vectors along curves in a manifold.
The transformation rule for the comparator let’s us find the transformation rule for the

connection

I'y = (1+igo(x)Tu(l —iga(z)) (Opa(x))(1 —iga(x)) =Ty — goua(x) (33.9)

i
g
From this we see that the transformation rule is just the one of the photon field A, under

a gauge transformation. So for a global U(1) symmetry, we identify the connection with
the photon field and the covariant derivative becomes

D, = 0, —ieA, (33.10)

where we put back the charge of the electron instead of the general charge g.

From a simple geometrical construction we can easily find the field tensor. To do this
we must simply ask the following question: given the infinitesimal form of the comparator,
which transports a gauge-dependent field an infinitesimal distance in spacetime, what would
happen if we transported the field along an infinitesimal parallelogram?

Let us denote Uq(x) = 1 — igA,(x)da* the infinitesimal action of the comparator we
just saw which moves from the point x an infinitesimal amount dz. If we want to move
along the path 2 in the figure 15

Ugy(x +dx) =1 —igA,(z + dz) dy”
=1—1igA,(z)dy” —ig0, A, () dz" dy"” (33.11)

Combining paths 1 and 2 we get

Ugz(z + dy)Ugy(z) = 1 — igA, (z)dy” — igA,(z)dz" —igd, A, (x)dx” dy"
— %A, (2) A, (z)dztdy” (33.12)

Instead of performing now a round trip 1 — 2 — 3 — 4, we evaluate next 4 — 3 which we
then subtract from the just found 1 — 2. In this way we can reuse the same result found
for 1 — 2 just by exchanging A,dz* with A,dy” and viceversa. Whit this we get

Udz(xz + dy)Ugy(z) = 1 —igA, (2)dy” —igA,(x)dz" —ig0, A, (x)dztdy”
- ¢°A,(2)A, (z)dztdy” (33.13)

The geometry of gauge invariance 85
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Figure 15. Parallelogram used to
calculate the rotation of a test field
¢ moved along a closed loop in the
presence of a non-zero gauge field
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so that for the whole trip one gets
—ig(0, Ay, — 0, A, +1ig[A,, Ay))dat dy” (33.14)

Thus, using the commutator relation for the photon field, the final expression for the
comparator is given by

Ulz,y) =1 —ig(9,4A, — 0,A,)da"dy” = 1 — ige*F,,, dz"dy” (33.15)

We found geometically a locally invariant quantity which depends on the derivatives of the
connection, and therefore can give a kinetic term to the photon field.
A more general way of finding the field strength tensor is by requiring that the second
covariant derivative transform as the fields. By some simple calculations one finds a general
definition for the field tensor

[D,,D,) =igF,, (33.16)

This definition will be very useful in the case of non-abelian theories.

Formulated in this way, the electromagnetic tensor is nothing but the curvature tensor. If
you’ve met the concept of curvature previously, then you probably know that the way we
ordinarily conceive of Minkowski space it is a flat space.

However, the idea of Yang-Mills theory is to throw out the ordinary concept of flat
Minkowski space. What the connection, the vector potential in this case, does is to intro-
duce a twist into Minkowski space. The curvature F' then measures the extent to which
this twist causes a deviation from the ordinary flat geometry of Minkowski space.

33.2 Non abelian case

What if now the field does not transform under the abelian U(1) group but under a more
general group? Under a general lie group the field ¢ transforms as

Y(x) = A (2)  Pi(a) = Pi(a) TN (33.17)

where Ay, with A = 1,--- ,dim G, are the generators of the underlying symmetry group
which respect the following orthogonality relation

1
TrANE = §5AB (33.18)

Moreover, for any semi-simple Lie group we have
(M AB] = ifABONC (33.19)

With this in mind, we can see how the connection transforms since from that we can find
the transformation rule for the gauge field

I, = ‘éWl +igaa(x)Aa)] (1 —igap(x)Ap) + (1 + igaa(@)Aa)T (1 — igap(z)Ap)

= —g(zgauaA(x))\A)(l —igap(x)Ap) + Ty +igaa(x)Aal'y, —iglap () B

=T, + (Opaa(x)Aa +igaa(z)[Aa, )] (33.20)

Non abelian case
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Since the generators in the adjoint representation furnish a base for the Lie group, we can
surely expand the connection on them as

dim G
Ty= Y GEXP (33.21)
B=1

so to get the transformation of the connection in terms of the gauge fields G;‘

dim G
G M =GN + Opaa(@)da +igaa Y GEM AT
B=1
= G A+ 00N — fAPCAG TN (33.22)

By projecting using the trace condition Tr A \P = §4B/2 one finds the transformation
rule of the gauge field

(G) = G+ 0ua’ (@) — FAPCaPGY (33.23)

Now that we have the transformation rule for the gauge field, we can construct the
field tensor using the definition 33.16 with covariant derivative D, = 8, — igGﬁ)\A summed
over the rep index

(D, D,) = —igGi, A\ (33.24)

v

What we get is the following

(D, Dy] = (04,0, — ig ([0, G| = [00, GENP]) + g* [GANA, GENP]
= —ig (0,Gy — 0,G) M +ig® GGl fAPEN (33.25)

where in the last step we used the commutator relation for the generator of the Lie algebra.
Given this result, one finds

—igGA N = —ig (0,Gy — 0,G) A +ig> G GE fAPONC
= G\ = (0,Gy) — 0,G) A\ — G GP FABCNC (33.26)

if we now project using the trace condition found earlier
Gh, Te MNP = (9,Gf — 0,Gy) Te MAP — gGAGT AP Te XOAP

D D D ABD ~A~B
= G, = (0.Gy, —8,,GM)—gf GGy
= (0,G) - 0,GY) + gfP*PGLGY (33.27)
where in the last step we used the antisymmetric property of the structure constants. In
the end we have our definition of the general field tensor associated to a certain gauge field
of a symmetry group
Gi, = 0,Gy — 0,G + gf PGl GY (33.28)

1224 I

The same result could have been found by imposing the invariance of the gauge tensor
field (G{},) = G}, by first defining it like the EM-tensor G7}, = 9,G — 8,G}, and then

=
noticing that, for the invariance to hold, there has to be an additional term which will turn

out to be the gf*#°GBGT term. This new term is the price to pay for the non-abelian

nature of the theory.

Non abelian case
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34 Non-abelian gauge theory

We now have all the tools we need to write down the lagrangian for a generic gauge field
associated to a given local symmetry group with all the possible interactions of the gauge
field with matter fields such as fermions.

In turn this will give us a theory which we can quantise and we know, thanks to 't Hooft
and Veltman?’, to be a renormalizable theory which is a fundamental requirement for the
construction of a physical theory such as the standard model.

34.1 Form the EM lagrangian to the general case

We know that the lagrangian for the electromagnetic field is given in terms of the EM-field

tensor F,,
1 1

L= Fu " = jzﬂ (34.1)
and that the interaction with the matter field is introduced by means of the U(1) gauge
covariant derivative D, = 0,, — ieA, where e is the U(1) coupling constant and A, is the
photon field.

If we take QED for example, the total lagrangian for the theory is given by

Lapp = —3F' + 06D —m)p = 1 F* + 00— m)y —iebds (342)

Or in case of scalar electrodynamics, where now the matter field is given by a complex
scalar field

1
LsqQep = *ZFz + [Dug|* — m?|o|? (34.3)

The interactions are contained into the covariant derivative where we have the coupling
between the gauge field and the matter field. With the interaction lagrangian we can build
up the well known Feynman rules for the said theories.

With this in mind, we can extend what we just said to a general gauge theory. From

now on we’ll only consider SU(N) gauge theories and, specifically, SU(2) and SU(3).
A

nv

Following the definition 34.1 we write, for the generic gauge field G

1 v 1 v
L= —ZGﬁy(Gﬂ A = =1 TG G™) (34.4)

The trace is over the rep index since we have the implicit summation. The main difference
between the simple abelian U(1) gauge theory and its non-abelian counterpart is that,
while in QED we have only one gauge field, the photon, in a general SU(N) theory we’ll
have N2 — 1 "photons" since the gauge field belong in the adjoint rep. So for QCD, which
is based on the SU(3) Lie group, we’ll have 8 gauge fields, the gluons. For the SU(2) part
of the electroweak theory we’ll have 3 gauge fields which, as we’ll see later, will be related
to the three vector bosons which mediate the weak interaction W=, Z0.

Having at our disposal the covariant derivative associated to a given symmetry group
and the related field tensor, we can construct any theory we want, coupling the gauge field
to some matter field. Suppose that we want to write down the lagrangian of a field theory
with a generic SU(N) gauge field, a complex scalar field and a fermion field. It’s really
easy to do?!

_ e —v(eP) (34.5)
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The coupling of the matter fields with the gauge field is hidden, for now, in the covariant
derivative. An example of a non-abelian gauge theory is the quantum chromodynamics
QCD, that describes the strong interaction

1 _
—GA GHY by (11D — my ), (34.6)

Lacp = —1 G

Remark. In the limit g = 0, the equation 34.4 will describe free particles, as many
as there are generators of the group, each one characterised by a lagrangian identical
to the free EM-lagrangian, which describes the quantum of the field with spin 1 and
massless. This is the main reason of why the Yang-Mills theory was abandoned until
the studies on the spontaneous symmetry breaking.

34.2 Quantization

Constructing the Feynman rules for a Yang-Mills theory is not so easy as in the abelian-

case. We’ll now give the explicit results which in some cases are easy to see while in others,

specifically the 3-gluon?®? and 4-gluon interaction, are not so easy and can be found using 22 We use gluon as a generic
functional quantization which is beyond the scope of this notes. Without further ado, let’s term for the non-abelian gauge
begin to study the Feynman rules of the theory 34.5 where there’s no symmetry breaking field.

and all the gluons are massless. The propagators are easily found by the one we know from

before
i Qv \ cAB .
1y, A 99999999~ v, B :q2+i€ <guu+(1£);2>5 AB=1,---,dimG
)
A---=------ b = ba ,b=1,--- . di
qz—miJrie b a imrep
(g +m)g
(Z,Oé+b,ﬁ :Méab a,b:]_’...’dimrep
q —mf—i—ze

It’s important to remember where the various indices run since, more often than not, they
are hidden and not explicitly wrote down.

Now for the various interaction vertices: first the scalar-gluon interactions which we get by
expanding the covariant derivative on the complex scalar field

1Du6f? = (D) (D) = (9, + igGi A1) 6T (9" — igGHiAa)d
= 10,612 — igGANAGT I G + P CAGE A Ap T (34.7)
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s A
xd
e igGu At TOM E = 9(pu + 1)) (Aa)",
by bp
p, A v, B
e ¢’ GG gl o W = —ig’g (\*AP)",
avp/ b7pl
then the fermion-gluon interaction
WPy = iy (0 — igGEA ) = i) + gPy GRA Y (34.8)
u, A
o UGN = —ig ()5 (A1),
b, b, B

and then the interesting bit, which wasn’t present in the abelian case, the gluon-gluon

interactions

1 1
—ZG;‘,,GQ” =-3 (0.G — 0,G + gf*PCGEGY) (0rGY — 0"GY + gfAPEGH,GY,)
1
= =7 [+ 7P (0,67) GG — gf 77 (0,G) GG + -+
g [P (0"G) GG = gf1PC (07 GY) GG + g [P FAPEGIGT GG
(34.9)
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which gives rise to two possible vertices, one with a 3-gluon interaction and one with 4-gluon
interation, whose Feynman rules are

1 p; A
. —%fABC [(0,G;}) G GY + permutations| = gf*B% (¢ (p—q)7 + ¢ (q— )" + g°"(r — p)*)
B,q,v C,r,o
1, A v, B
o P fABC APEGBGC G G, = —ig” [fAPEFOPE (979" — g"7¢"?) + permutations]
C,p D,o

Again, it’s important to note that the non-abelian nature of the theory adds new
interaction vertices between the gauge fields. In QED two photons cannot interact at tree
level. The lowest order interaction for two photon scattering in QED is given by the box

diagram.?? 23

~

starting from the Feynman path integral for some theory we can build up the Feynman r/ff

34.3 Ghosts and other strange things

Whenever we try to quantize a theory we do so by using functional quantization, i.e.

A\

rules using functional derivatives.
Whenever working with gauge theories there’s a catch: the gauge freedom makes the

functional integral ill defined. This can be simply understood since, whenever evaluating a Box diagram of the two photon

functional integral, one integrates aver all the possible field configurations. Given that for ~Process in QED.

gauge theories we have infinitely many equivalent field configurations we have to integrate

over an infinite quantity?* making the integral ill defined. 24 This is not entirely true since
To overcome this problem one uses the so called Faddeev-Popov method which, in some even without gauge freedom,
sense, fixes the gauge so to make the functional integral convergent. By doing so, tho, the degrees of freedom of a field
we introduce a new fictitious field, ghost field. This field cannot be associated to a real are again infinite. But just to
particle since it changes under a change of gauge and it can be eliminated by a suitable give a taste of the problem, this
choice of the gauge. Nevertheless one can do calculation with such fields as if they where semplification suffices.

real particles only to realize that all physical quantities, being independent on the choice

of the gauge, won’t have any dependence on ghost fields.

Ghosts don’t appear in abelian theories since they come up directly from the additional

terms which only non-abelian theories have.

A peculiarity of ghosts is that they behave like a fermion and like a boson at the same time.

This further adds to the fact that this fields cannot be associated to any real particle.



Glashow-Weinberg-Salam theory

We now have sufficient knowledge to formulate the GSW theory of weak and electromag-
netic interactions among leptons and quarks and to study its properties. Let us first state
the starting point and the aim of our study

1. There exist charged and neutral currents.

2. The charged currents contain only couplings between left-handed fermions. This
result is given by Fermi theory of weak interactions which, as we’ll see, is the low
energy limit of the GSW theory.

3. The bosons W¥, Z° mediating the weak interaction must be very massive.

4. Nevertheless we’ll begin with massless bosons which then receive masses through the
Higgs mechanism. At that point we want to simultaneously include the photon field.

Given this list of properties, we can begin to build up the first part of the SM which
accounts for the electroweak sector.

35 The GWS Lagrangian

35.1 Symmetry breaking

Let’s begin, as we always must, to find the symmetry group of the theory. We know that at
least there must be one gauge boson for the photon. Moreover there must be another two
vector bosons for the W* fields. With this we need at least the SU(2) symmetry group
since it has 3 generators. But it turns out that this group is too small since it only accounts
for left-handed interactions but we know that the electromagnetism is perfectly symmetric
between left and right-handed fermions.

What Glashow proposed was the following minimal group

SU@)w @ U(1)y (35.1)

where the reps are defined by the isospin symmetry and the hypercharge. The U(1)y is
not to be confused with the U (1) symmetry group of electromagnetism, that will come later
after symmetry breaking. Based on this symmetry group, the existence of a fourth gauge
boson was theorized since the group has 4 generators. It will turn out that the additional
gauge boson is, in fact, the Z° which mediates the weak neutral currents.

Since we have that the total symmetry group is the product of two groups, we need
two different coupling constants g, ¢’. The kinetic part of the lagrangian will be then

1 1
L= —leﬁ,Wg” = 3 BB (35.2)
where

Wt =0, Wit — o, Wi+ ge"PCWEWS B, =0,B,—0,B, (35.3)
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are the gauge tensors respectively for the SU(2) and U(1) part of the symmetry group.

Given the local nature of the interactions, we need to give mass to the bosons. On the
other hand, the photon will be given by a linear combination of the simmetry generators
which remain unbroken under the action of the Higgs mechanism.

To induce the symmetry breaking, we introduce a complex isospin doublet with hypercharge

1 called the Higgs doublet
HT
H = 10 (35.4)

The hypercharge is set by the Gell-Mann Nishijima formula Q = 73 + Y/2

1 Y
H+ 1:7 —:}Y:l
2+2
1Y
H° =+ = VY=1
0 2+2

To classify the fields in the Standard Model we’ll heavily use the following notation (dim repgy (), dim repgy (3))

and so the Higgs field belongs in the rep
H~ (2,1); (35.5)

A field ®* of the form (R, 1); will transform as

A a
B — exp (z’aA(x)O'Q + iﬁl) o (35.6)
b
The lagrangian for the Higgs field is given by
2
£ = D, HP - V(H]) (35.7)

where V(| H|) is some symmetry breaking potential and the covariant derivatives are given
by

/
9

Y o ANA .
Duzaﬂ—zg’EBH—ngH/\ :8M—22

B, —igWyt" (35.8)

By choosing the potential as
V(H) = —p?[H* + A H|* (35.9)

we induce a vev?® for H, which can be taken to be real and in the lower component. Thus
using the Higgs mechanism we choose

. 0
H =exp (;TFAO'A) h+wv (35.10)
V2

where v = 2= and 04 /2 are the normalized generators of SU(2). With the vev fixed it’s
easy to find that the broken generators, i.e. the ones for which T(H) # 0 are given by

1{01 1{0 —i Yy (00
1 _1 _r_ 11
i 2(1 0) 2 2(2’ o) BT <o 1) (35.11)
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and the unbroken generator is given by

Y 10
5+ 7= (0 0) (35.12)

which is exactly the electric charge as given by the Gell-Mann Nishijima formula! The
symmetry breaking pattern is therefore

SUR)w U(l)y = U(1)g (35.13)
and we expect, thanks to Goldstone theorem and the Higgs mechanism, three out of four

vector bosons to be massive while one remains massless (spoiler: the only vector boson
without mass will be the photon!).

Putting the vev in the kinetic part of the Higgs, we get

D, HI = ? (0 1) 9'Bu+gWs gWy —iWi)\ [ ¢'Bu+gW; g(W, —iWy) (0 1)
g(Wi +iW2) ¢'B,—gW2 | \g(W, +iW?2) ¢'B, —gW}

v? ! ?
~ o oy (Lo | 3510

The W1, W2 terms are degenerate in mass

v2g?
Mg, =
Wy
The remaining terms are given by
v2g? 24" 29¢'v? 02 g% gq'\ [ B
W2 B2 - BAWS = (B, W) 35.15
4(")+ 4 TH 4 reoa TR )\ gg g ) \ W ( )

It’s clear that the initial basis is not the basis given by the mass eigenstates. We can
therefore go to the latter by diagonalizing 35.15

/

2 _ m

det (77" 99 ) = (2= m)(g2 —m) — (g¢)2 =0
g9 g -—m

m? + (gg')* —m(g® + ¢"*) — (99")

= m(m—g*—g?) =0

m=0 m=g*>+g" (35.16)

The two solutions give us what we wanted: a masses mode and a massive one. Looking for
the eigenvectors will give us linear combinations of the B,, and Wﬁ fields which will turn
out to be the massless photon field and the massive Z° gauge boson field.

By means of the following reparametrization

/ 2
g cos by = g

/92 +g/2 /g2 +g/2

where Oy is called the Weinberg angle. One can easily show that this rotation gives us

sin Oy = (35.17)

Symmetry breaking 94

Figure 16. Graphic visualization
of the Weinber angle



THE GWS LAGRANGIAN

indeed the linear combination that we need
. 0 _ 3 :
ZS _ Cf)S Ow — sin Oy WE . Z, = cosbwW; —sinbw B, (35.18)
A, sin Oy cos Oy B, A, = sin Oy W3 + sin Oy By,

Now notice the following

1
WATA = — (Wit + W) + Wird (35.19)
V2
where
T =1l ir’ (35.20)

and so the definite charge gauge fields, in the same way as the pion fields, are given by

1 ‘ _ 1 ,
W= E(Wﬁ +iWD) W, = E(W; —iWy) (35.21)

Therefore what we have in the hand are the following fields

vg
Wui mw = o
1 v mw
ZO = —_— — — 2 12 —
B mz 2 cos Oy gv 2 9 +9 cos Oy
A, ma =0 (35.22)

Already there’s an unambiguous prediction: the W bosons should be lighter than the Z
boson, opening a possible decay channel if there’s a suitable term in the lagrangian. We’ll
see that this term is indeed there.

Moreover we find that, at tree level the following result should hold

2
My
— =1 35.23
cos? Oyym% ( )

This is the result of another hidden symmetry of the Standard Model, the custodial
symmetry.

35.2 Gauge sector

Putting together what we found, we can write down the kinetic term in the lagrangian for
the Z and A bosons after symmetry breaking

1 1 1
£K = _EFMVFW/ - ZZMVZ'LW + §m2ZZMZﬂ (3524)

where
Zyw =02, — 0,7, F,, =0,A, —0,A, (35.25)

Since the gauge bosons transform in the adjoint rep, their interactions are given by com-
mutators and in particular, the Wi’ part of the photon field gives us the known coupling

9[A,, W;A‘TA] = gsin HWW;:’W;‘ [7'3,7‘4] — e = gsinfy = ¢’ cos Oy (35.26)

With this in mind, the W* combinations will have +1 charge in units of e, which is what

we want.

Gauge sector
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Without giving the full calculation, one can find that the full gauge lagrangian is

1 v 1 v 1 —\V 14 -
L= _ZF’“’FM _ZZ’WZH —5(8”Wj—8,,W;)(8”(W Y =0"(W™)H)

1
2
Fiecot by [ZWEW, — (8, W,F — 0, W) ZH W) + (8, W, — 0,W, ) ZH(W+)"]

+ smBZ, Z" — miy W, (W )H

+ie [FWEW, — (0,W, — 0,WH AR W) + (0, — 8, W )AH(WH)"]

1 e + N\ — —\v + —\HTI/ T —\V
+ e (AW AW, — A APW W)Y + €2 cot Ow (ZHWFZVW,7 — Z,Z'W,FH(W™)Y)

+ e cot O (WIW, AFZY + W, W,FAFZY = 2WF(W )" AV Z,) (35.27)

35.3 Higgs Sector

We can now return to the field h, the Higgs Boson. This boson remains in the spectrum
of the theory even after the choice of the unitary gauge m = 0 in the Higgs mechanism.
While the initial Higgs doublet was charged under the weak and hypercharge groups, the
Higgs boson h is not.

The part of the lagrangian which gives us the dynamics of the Higgs field is given by the
expansion of the covariant derivative after symmetry breaking

1 m2 > m? g’m? h 1
Ly = =(0,h)(0"h) — =L — h_p3 — hopt p 2= (md, WH(W ) + —m22Z'Z
h’2 2 + —\p 1 2 7p
+ o) mWWu (W=)H + imZZ Z, (35.28)

where mj;, = v/2 11 and p is the initial symmetry breaking parameter in the unbroken Higgs
doublet lagrangian and v is the induced vev.

As we can see from 35.28 that the Higgs field interacts with itself in cubic and quartic
interactions and with the other gauge bosons, again, with a cubic and a quartic interaction.

To summarize, we started with four parameters from the initial lagrangian: u, g, g’, A
and ended up with four new parameters e, 8y, m;, and my . Using the experimental values
agp(me) = 1/137, mz = 91.2 GeV, my = 80.4 GeV and my, = 126 GeV, we find
e _ 2mw

- =064 ¢ = =034 v=—>"=251GeV
sin Oy cos Oy
(35.29)

e=0.303 sin?fy =0.223 g=

35.4 Lepton Sector

Let’s study the interactions between the electroweak gauge bosons and the leptons. Before
starting, we have to classify the left handed and right handed leptons

L. = ( Ve > er (35.30)
e
L
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We see that the left handed field shows up as an isospin doublet, whereas the right handed
field as singlet. The hypercharge is always set by the Gell-Mann Nishijima formula

1 Y
0=-4+— = Y =-1
el 277
1 Y
T —l=—— 4= Y =-1
‘L sty =
Y
At the end the classification will be
Le = (27 1 -1
er = (1,1)_2 (35.31)

Moreover, in the Standard Model, there are three generations of SU(2) doublet pairs
of quark and leptons. The quarks will be studied later, for now we see that the three
generations of leptons are

Li= <”> ,(”“) ,<”T> i=1,2,3 (35.32)
e I T
L L L

These all transform as a left handed Weyl spinor?®. The right handed fermions for all three
generations are

633 = {eRa KR, TR} 1=1,2,3 (3533)

It’s important to note that right-handed neutrinos have not been yet observed and we
won’t include them, but we easily could in case they do exist.

The coupling between the leptons and the gauge boson is given by the covariant deriva-
tive in the fermion lagrangian

L=iL;PL; + iex el (35.34)

where the covariant derivatives are different between the left handed part and the right
handed one. All leptons couple to the hypercharge gauge boson as we stated in 35.31. We
denote Y7, the left handed hypercharge and Yy the right handed one. So the expanded
lagrangian will be

/ !
C =il (a —igW A - 2'92YLB> L; +ié, (& - i%}@B) e, (35.35)

To be clear, the L or R subscript in the lagrangian are just for convenience, since they
indicate the implicit chirality of the field. But since all leptons are all left or right-handed
Weyl spinors, it would be technically correct to replace

LpdL — L'5"0,L

erdern — eko“@ueR (35.36)

However, since we’ll almost always deal with the fields in the broken phase, where the
left and right-handed spinors combine into Dirac spinors, for semplicity we’ll always write

Lepton Sector 97
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everything in the Dirac rep where

- 1—
LPL = Ly, 275 L
1
érder = ery"7" 0, —;75 CR (35.37)

As it’s clear, there are still no masses for the leptons. To find them we have to build the
Yukawa sector of the lagrangian where the fields interact with the Higgs doublet. This will
give mass to the leptons afer symmetry breaking.

From the transformation rule of the lepton fields and the Higgs doublet, it’s easy to see
that the only scalar quantities we can construct are the following?”

L=Y [L.Hep +érH'L,] (35.38)

After symmetry breaking, this part will give us the mass for the electrons with the following

term v
—m, (ELer + Eger) Me = —= (35.39)

V2

After electroweak symmetry breaking, together with the diagonalization of the masses
for the gauge bosons, the lagrangian 35.35 becomes

!
L=L, {973 (Z, cosOw + A, sinby) + %YL (—2Z, sin Oy + A, cos GW)} Y Lo+

/

+YR%ER(fZ,L sin Oy + A, cos ) v en (35.40)

The terms proportional to the photon field are
- g g
A, [Le (97—3 sin Oy + §YL cos 9W> L.+ <2 cos 9W> Yr (63’}/“63):| (35.41)

and using the fact that gsin 6y = ¢’ cos 0w = gg'//g? + g’> we get to the expected result
for the QED interaction between photons and charged leptons

_ Y, Y,
A, gsin Oy [Le’y“ (7'3 + 2L> Le+ 7R (éR’YﬂeR)}

= Aﬂg sin ew [—éL’y“eL — éR'y“eR]
= gsinOw A, JE,, (35.42)

where we used the unbroken generator in 35.12 and
Jhas = Qe(erte) (35.43)

with Q. = e = gsinfy,. As we discussed, the electromagnetic interaction does not differ-
entiate between left and right handed chirality.

The terms proprtional to the Z° boson are

_ Y, - Y]
Z,, |gcosOw Ly 3Ly — ?Lg’ sin Oy Loy Le — 7Rg’ sin Owerpy'er

=2, [(g cos Oy + ¢’ sin Oy )Ly T3 Le — ¢ sin@WquéM]
g .
= Z#m (J5 — gsin®Ow Jhy,) (35.44)
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Therefore the Z° boson not only couples to the EM current but even with an axial current
JY = Ley*m° L, (35.45)

There remain only the interaction terms between the leptons and the W* bosons.
Recalling 35.19 we get, from the lagrangian 35.35

1
V2

and we can directly see that the charged currents are

- 01 v
+_ +1 (5 - e
‘]u =Ly Le = (Ve e )LV“ (0 0> <€>L

_ _ 1 _ _
gW LA T4 L. = g W,FLey#t™ Le + EW;LC’)/HT+LG + WS’Le’y“T?’LC} (35.46)

Il
S
N
ml
N—

h
)
=
7N
o ﬂ)‘
N———
Il
cFI
=
)
=
(@)
™~

e (35.47)
and

Jr = (T = ey, 1205y, (35.48)
The axial part for W3 goes into the photon and Z, boson.

The full interaction lagrangian between the leptons and the gauge boson after elec-
troweak symmetry breaking becomes

. g _ _
Z, (JY — qsinOw ) + 7 (WiJh= + W, ") (35.49)

9
L= qu,ngM + m

99



Quarks and the Standard Model

Now that we talked about the electroweak sector
SU2)w xU(l)y - U(1)q (35.50)

of the Standard Model, we’re ready to add one of the missing part: the quarks.

We will not talk about QCD which is the remaining SU(3) the full symmetry of the
Standard Model, but only how quarks enter in the electroweak theory and how we can give
masses to them with the help of the Higgs mechanism.

It will turn out that whenever we try to diagonalize the mass spectrum, we’ll introduce
some kind of mixing between the quarks which will be mediated by the electroweak gauge
bosons.

36 The Quarks

Whenever talking about particles we should give the representation in which they’re in
based on the full SU(3) x SU(2) x U(1) symmetry.

To be more specific, quarks come in three flavours, just like leptons, and appear in the
theory in their chiral basis

i [u c t
%-(3),(),¢)
L L L
uyp = {ur,cr,tr}  dr = {dr,sr,br} (36.1)

Their name are: up, down, charm, strange, top and bottom quarks. Whenever using the
notation u’ we’ll mostly mean the up row of quarks in the SM which are up and have
electric charge, in units of e, 2/3, charm and top quarks, the others are the d’s which have
electric charge —1/3.
Their irrep in the full SM gauge group is

QLN(2,3) uR~(1,3)

dr ~ (1,3)_ (36.2)

4
3

wino

1
3

Quarks carry a lot of indices: one index for the isospin charge, one index for the color
charge, one family index and a Lorentz index. We’ll omit them, as per usual, since the
notation would be too cluttered with them. But remember still that to construct invariant
quantities all indices must be saturated in such a way to have a singlet for any of the
possible symmetries.
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36.1 Interactions and lagrangian
In the same way as we did with the leptons, we start from the following lagrangian

L= iQL ((? - igWATA - Z%/ QLB> Qr

-+wR(a—igKmB>uR+um(¢—igKmB>dR (36.3)

By direct comparison with the leptons, we can easily see that the calculations will be the
same and so we give directly the results for the various currents that one expects to find,
coupled to the respective gauge bosons.

The full fermion currents will be the following

2 1-
Iy = —efe + gﬂav“ua - gdav“da (36.4)
is the EM current coupled to the photon?®

1—75 _

1- 1- 1
Ve — €Yy 275 e+ u'y, 75 Uq + dy, Bk dg (36.5)

Jﬁ = VeYy
is the axial current coupled to the Z° boson, and the charged ones

J,j_ = I_/e'7u7-+Le + Qa7uT+Qa
= Levum Le + Q™™ Qa (36.6)

which are coupled to the charged W* bosons.

36.2 Some interaction vertices

In the charged currents we see that an up quark can go to a down quark by emitting a W+
and viceversa. The interaction vertices can be easily seen from the lagrangian given above

and are
d u d Y
1—
W _ .9 1o
, >4vw w»< Z\/ﬁ’yu 9
w- i d
U d u d
1—
W =_; 9 75
, >~vw 4< = ’L\/i’yu B)
w i

This summerize the charged currents interactions. Remember that the u stands for every
quark in the upper region of the SM and d for every quark in the down region. Don’t get
too attached to this interaction vertices since in some moments we’ll change the basis of
our theory for the quarks in order to diagonalize the mass matrix. The Feynman rules in
this case are in the, so called, current basis.
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Then there are the neutral currents

i
u
U
At = —ieQ gy,
u

37 Quark masses and mixing angles

We’re now ready to study how the quarks gain masses. To do so we’ll need to reintroduce
all the families since, as we’ll see, diagonalizing the mass metrix will inevitably mix the
current eigenstates quarks from different families.

37.1 Yukawa sector

From the irreps 36.2 and the Higgs we need to construct all the possible renormalizable
scalar quantities. We’ll need however another form of the Higgs field since H* won’t cut
it. The field we’ll use is the charge conjugate of H defined by

~ HO*
H=ic?H* = 37.1
- () o

Now let’s see what kind of scalars we can build up. If we start from QH we can easily
see that this we’ll be
QLH ~ (2’33) $(2a 1)1 = (é X 2a3 X 3)17

— 1
3 3

(37.2)

We know that 2x 2 and 3x 3 both contain a singlet state. What’s missing is the hypercharge
singlet since 1 — % = 2/3. If we search in 36.2 for a suitable quantity, we see that the dp
quark serves our purpose and so a suitable renormalizable operator for our Yukawa sector
will be

QrLHdr +h.c. = QpHdr + drH'Qy, (37.3)

where we added the hermitian conjugate, as always, to include the reality of the lagrangian.
And this settles down the down part of the lagrangian. For the up part we’ll use the charge
conjugate Higgs since, if you try, we cannot construct scalar quantities between up quarks
with the normal Higgs doublet.

It’s easy to see that the only renormalizable scalar quantity we can construct using upg is

QrHup +urH'QL (37.4)

Therefore, if we now put in all the familes and the Yukawa coupling we get the Yukawa
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sector for quarks
Ly =Y (QuHdG + & QL) + Y (QLHuf, + W QL ) (37.5)

37.2 Symmetry breaking

Given the Yukawa sector we can use symmetry breaking and, by going in the unitary
gauge?® we get, for example for the down quarks

(aL JL) (;) dp = drdg (”\J/%h) (37.6)

And so the mass for the down quarks is given by a SU(2) symmetry breaking Dirac term,

as we expect
v

V2

For the up quarks is the same but the mass matrix is given in terms of the Yukawa of the

Yg%ggdg% — MY ="y} (37.7)

up quarks
ij U 1 rij

With this we see that the mass terms in the lagrangian for the quarks are

L = dMP &, + &M d, + w, MY, + MU, (37.9)

but nobody assures us that the mass matrices will be diagonal, but we would like them to
be diagonal since the mass of a given quark is an experimentally. Since we don’t have any
constraint on the specific form of the mass matrix we just found, we don’t know how, and
if it exist, to diagonalize it.

37.3 On the diagonalization of matrices

We now prove that there exist a method through which we can diagonalize any matrix
that we want. This process is called singular value decomposition and it provides to
matrices L, R unitary such that

L'MR =M

where we’ll use the hatted matrix to say that it’s the diagonalized form of M.

From the generic matrix M we can construct two hermitian matrices
MMY MM (37.10)

which in general do not commute. We can easily prove that this matrices have the same
eigenvalues

Py = det (MM — X) = det{M} det(MT — AM ")
=det(M" =AM ) det M = det(MTM — X) = Pysi (37.11)
and since both matrices have the same characteristic polynomial, they’ll have the same
eigenvalues. Being both hermitian, we know that they can be diagonalized thanks to the

spectral theorem and so there exist two matrices L and R which diagonalize the matrices
to the same diagonal form since they have both the same eigenvalues

L(MMY)LY = D = R(MTM)R? (37.12)
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we speak about unitary gauge
we’'re implying that we set
the Goldstone boson "to zero',
which is a way of saying that
the gauge field eats the Gold-
ston boson gaining a new degree
of freedom.
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Starting from this we define the following
M =L'MR  (M')'=R'M'L (37.13)
and it’s easy to see that
M'(M"' = (M"Y M' =D (37.14)
We know that we can always decompose a matrix into two hermitian matrices as

M+ M't M — M't
M = (2) +i <2> = H, +iH, (37.15)

Thw two matrices we just defined Hy, Ho are obviously diagonalizable since they hare
hermitian but we would like them by be diagonalizable to the same unitary matrix. From
quantum mechanics we know that this is possible if the two matrices commute! And it’s
easy to see that

1 1
[H, Ho] = = [M + MM — M) = R (M'M'T = M'"TM') =0 (37.16)

7

Therefore there exists a unitary matrix W such that WTM'W = M’ is a complex diagonal
matrix and therefore, being complex diagonal we can put it in the form

M' = M@ (37.17)
where ¢ is a matrix og phases. Moreover

WiM'W = My =W LI MRW (37.18)

and therefore if we define
L=LW R=RW¢! (37.19)

we found the matrices that diagonalize M.

37.4 The CKM matrix

Now that we know a way diagonalizing any matrix, we can use it to diagonalize the mass
matrix for the quarks. Take the up quarks for example

il = wy (UL, )i Mg (U )ity (37.20)
where
m, 0 0
my=1 0 m. O (37.21)
O 0 my

and the new mass eigenstates are written in term of the old ones as
up = (Uus)iguy, g = Uug)ijug (37.22)
Same thing goes for the down quarks where the diagonal form of the mass matrix will be

mq 0 0
=0 ms 0 (37.23)
0 0 my

md

The CKM matriz
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and the mass eigenstates
d, = (Uap)igdy,  di = (Uag)sjdy (37.24)

The kinetic terms are also modified by this change of basis. The gauge boson interac-
tions do not mix the families in the original current basis where the lagrangian is

’ 3 7,
i<?+%<%Bu+gW“ Vi )] ()
— /
7%W# §Bu—3WL dr
. 2 . _ 1 .
v (104938 )iy + & (19 /3 8)
v

V2

where i, j are flavour indices. When we do the change of basis the unitarity of the trans-

E:(aL &L)i

@, (U2, 000},) 3, (0o ML)+ ] @T0)

formation makes the matrices drop out since the hypercharge interactions are generation
diagonal
ZZﬂ%lDUZR ﬂaonu urlurp — ugr UgRlUuR ur = uplug (3726)

Moreover the same happens on the B, and Wi’ terms since these do not mix up and down-
type quarks. This means that the interaction. This in turn makes the interaction with the
photon unchanged.

The interesting bit comes out from the isospin doublet, the left part, where the two
components change with different unitary matrices

. i Ui wl
Qi =(") | "t (37.27)
dy, Uy, di,

whenever the interaction mixes the to quark types. This happens with the W+ couplings

9

ﬂw,jamﬂldL Wt ldy =, Ul 1Uq4, dy, (37.28)
N—_——

vour

Verkm

where a new matric in flavour space appears since we cannot use unitarity to reduce the
new term to the identity. This matrix is known as the Cabibbo-Kobayashi-Maskawa
(CKM) matrix. The CKM matrix is a complex unitary matrix, and thus has nine real
degrees of freedom, or three compelx degrees of freedom. If Vg, were real, it would
be a O(3) matrix, i.e. with three degrees of freedom. This means that out of the nine
parameters of the complex CKM, three are angles and six are phases. However since the
quark fields as mass eigenstates have a residual U%(1) symmetry

di = e'idl  diy =eidy ul =ePiul ub = ePiul (37.29)

we can use this freedom to set some phases to zero. Under these transformations, Vg
generally transforms. However, if the two rotations are the same «; = (;, the matrix
remains unchanges. Therefore out of the 6 possible phases we could have set to zero, there
remain only 5 possible combinations that effectivly change the CKM matrix. Therefore
there remain only one free phase in the CKM. The total remaining degrees of freedom are:
three angles 612, 623, 613, corresponding to rotations in the ij-flavour planes, and a phase
0. The angle 65 is called Cabibbo angle 6.

The CKM matriz
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One possible representation of the CKM matrix is the following

1 0 0
V=10 cos 023 sin 923
0 —sinfy3 cosbog

cosfys 0 sinfze® cosfio sinfia 0
X 0 1 0 —sinfi5 cosfis 0
—sinfi3e® 0 cosbis 0 0 1

—is

€12€13 $12€13 size”"

is i

= | —s12¢23 — €12523513€"°  cC12C23 — S12523513€"°  S23C13
i is

512523 — €12€23513€""  —C12823 — S12€23513€"° C23C13

Vud Vuc Vub
= | Vea Ves Ve (37.30)
Via Vis Vi

The presence of the phase reflects the CP violation of the weak charged currents®C.

38 What'’s so special about the CKM matrix?

38.1 Interaction vertices

Now that we have a complete theory of weak interactions we can start constructing Feyn-
man diagrams and evaluating some measurable quantities. It turns out that whenever we
have a flavour changing current we’ll need now to insert in the interaction vertex one of
the possible elements of the CKM matrix.

Let’s take for example the pion decay. As we argued in previous chapters, the pion
decay hamiltonian is given by 25.1 and, with this, we found the decay width for the charged
pion 25.14. But now that we now how it really works, we can build up the following tree
level diagram for the pion decay

d wt
w+
Y v (38.1)
and find out the amplitude of it
or wa ! (1= 5 )ufiyu (1 — s )v (38.2)
V2

where an additional V4 term appears with respect to the initial amplitude. This factor
can greatly suppress some processes for which the CKM matrix element is very small.

One useful representation of the CKM matrix that helps us have a better understanding
of the order of magnitude of the various coupling parameters is the Wolfstein representa-
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than this, but we won’t go into
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tion. It’s based on the approximate parametrization in terms of A = sinf¢o =~ 0.22

1 AN
Val A 1 )2 (38.3)
A2 A1

38.2 How to measure the CKM elements

The CKM matrix elements can be measured from leptonic and semileptonic decays. With
the top quarks the processes are a little bit more difficoult since it’s mass prevents it from
forming bound states with other quarks. In that case we use hadron mixing, we won’t go
into much detail about it.

Here we give some example: for leptonic decays we can have

= ,u+yu Vid
Kt — N+Vu Vs
1)Jr — /frl/# %d
Bt = 1y, Vb (38.4)
for semileptonic decays
n — pe U Via
KT = 7%t Vs
K° - n etu, Vs
Dt - Kutv, Vi (38.5)

and even non-leptonic decays like

Kt - atng™ Vo Vud (38.6)



Discrete Symmetries

Until now we have studied the continuous transformations that can be constructed by
starting from infinitesimal transformations close to unity. If a theory is invariant under
such transformation it will possess a Noether current and thus there will be a conserva-
tion law. In addition, however, there is the class of discrete symmetries, which have to
be described differently. Discrete symmetries can be employed to relate the behavior of
different physical systems, for example, those that differ by an interchange of particles and
antiparticles. New conserved quantities (e.g. parity, charge parity) and selection rules can
be generated by discrete symmetries. We will study three types of discrete transformations
which are of fundamental importance: parity P, charge conjugation C, and time reversal 7.
After determining all their properties®', we’ll see that not all the interactions are invariant 3! We’ll exploit some properties
under these kind of transformations. A prominent example for this is the famous maximal of the gamma matrices, like
violation of parity in weak interactions. Also the time reversal symmetry is (very slightly)

violated in nature as witnessed by the decay of the neutral kaon mesons. {2 =2¢"
- {’yuv 75} =0
39 Parity P o
(") =1
The parity is an operation that inverts the spatial coordinates (,yi)Q _
- O p 0 _ (op)T
T = (")
P:lyl|—1| -y (39.1)
z —z

and has the property to come back to the original condition if we apply the operator another
time, so P2 = 1. We can define a parity transformation on a field in the following way

o = (P06 PY),, = Pasts(—x,1) (39.2)
From this we get
{w/ =Py (39.3)
Pt =t pt

39.1 Determination of the operator

We are interested in determining the parity operator as a function of gamma matrices. In
order to do this we exploit the bilinear covariant 1/’v#’, requiring the following conditions

Py =9y (39.4)
Py ==yt i=1,2,3 (39.5)

which is equivalent to write
YAt = gttapytap (39.6)

Developing these conditions, we get

tDTA0A0Dey — 9T ~0~0 tp =
{wmww ¥y {pp 1 0

PIPINY Py = 4Ty Plyy'P = =0y
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so we can say that parity is a hermitian operator. The system is solved if the parity

operator is
P =CH° (39.8)

where C is a constant such that |C' |2 = 1, so the possible values are +1. Henceforth we are

going to assume C' = 1 without losing generality.

39.2 Bilinear covariant transformations

Now let’s see how the bilinear covariants transform under a parity transformation.
e A scalar quantity will transform without changing sign
W'Y = pTPIYOPY = Ty = ¢ (39.9)
e A pseudoscalar quantity will transform changing sign
P59’ = PIPIY0s Py = —9T7 0959 = —Pysy (39.10)

e A vector quantity will transform like the Minkowski tensor without changing sign,
as we have seen in equation 39.6.

e A pseudovector quantity will transform like the Minkowski tensor changing sign
Ytysy’ = PIPTY s Py = Tty
p=0 = Pin057%% =~ 359
p=1,23 = PpIyy7% = Py
So in the end we can write
Pyys = =gyt s (39.11)

e A tensor quantity, similarly to the vector case, will transform like the Minkowski

tensor without changing sign
Pty = piPiyOqba? Poh = hryOytg 090740y

=9(v") (") Ty (39.12)

_ N N — . . - ..
wr#0 = 1/}(’}/1) (’}’]) Y= 1/1(—’71) (—’Yj)w = y'yTep
We can write it in a compact way using the Minkowski tensor, so in the end

Py = g gy (39.13)

From these properties we can say that QCD and QED lagrangians, which correspond
to strong and electromagnetic interactions, are invariant under a parity transformation,
whereas the Fermi lagrangian, which corresponds to weak interaction, is not.



CHARGE CONJUGATION C

40 Charge conjugation C

A transformation of charge conjugation allows us to exchange the charge of two particles.
Formally the charge conjugation is a transformation that exchanges a particle with its
antiparticle, so if we take for instance the solution for the Dirac equation

>\ vEG) (1) + bl (p)e 70, (1) (40.1)
r= 1 p

where the particle is destroyed and its antiparticle is created, we can define its charge
conjugation as

By 00 (0) b ()™ )] (102)
r= 1 p
in which the antiparticle is destroyed whereas the particle is created.

As we did for the parity, we can give a definition of a charge transformation on a field as

(e)y = (CU(x,)CT) |, = Captrly(x,1) (40.3)
From this we get
—cut
{wc Cv (40.4)
Pl = CT

Similarly to the parity transformation, it has the property to come back to the original
condition if we apply the operator another time, so C? = 1.

40.1 Determination of the operator

In order to determine the charge operator, we do a similar work as we did for the parity,
requiring that the following conditions are respected

ch = 1/;1/1 (405)
e = ) (40.6)
From the first one we get32
(wi)a(vo)aﬂ(wc) w'y( )'ya( O)Qﬂ(c)ﬂawl = _wlTT (CTPYOC)WUVI’Z}'Y
= g5 (1), ¥y =i (1°)] uy (40.7)

from which we can extract
CTH0C = —4° (40.8)

From the second condition we get?3

(%8) o (V07") 05 (Bue) 5 = ¥ (CT) 0 (1°7") 5 (€) 5y (Ou¥)
=l (v9")., (0u¥), (40.9)
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32 From this point we exploit
the fact that Dirac fields follow

an anticommutation rule

33 In this point we use the Leib-

niz rule
O (1[’7“@
= ()Y + Py (8up) = 0

put equal to 0 because the 4-
divergence of a Noether current
is always conserved
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By comparison we can say

T (1°9)C = (Y09) " = ()"0 (40.10)

For © = 0 it’s easy to show from equation 40.10 that the operator C is hermitian.
Adding the unitary quantity 7°4°, from equation 40.10 we get

C(1°7#1°0)C = Cy*T40C = (v#)TA° (40.11)

Now we multiply both the sides by 7° and we exploit the anticommutation between C and

~0, since the equation 40.8 is true, so we get

Cya0C0 = (v#)T
_ C’y‘”LC — (7#)T
CARC = — b (40.12)

The only thing to do now is determining the operator. We know that 7°, v, 4% are real
and simmetric (like also 75) whereas 72 is imaginary. Since C anticommutes with 7%, 4%, 43
and commutes with v2, imposing the condition C? = 1 we can define the operator up to a
sign

C=iy? (40.13)

40.2 Bilinear covariant transformations

Now let’s see the bilinear covariants like we did for the parity.

e A scalar quantity will transform without changing sign, as we know from equation
40.5.

e A pseudoscalar quantity will transform without changing sign
et = 1€y Cot = =0t (C1075.0) "o
= e (1) €Ty = ~01(C0) 1Y
= — 157" = s (40.14)
e A vector quantity will transform changing sign
Py e = 9Oy eyt = —pt(Cr0rC) v
- _¢TCT(7H)T(,YO)TCT¢ _ wTCT(V#)TcT,YOd}

=91 (Cy"C) 7y = —yT (1) 17y (40.15)
p=0 = —1% = —gr%

p=123 = Ty = —¢yiy

So we can write

Yy he = —pyHY (40.16)
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e A pseudovector quantity will transform without changing sign
- T
by Vsthe = Y CYO s CyT = =41 (€975 C) " ¢
T
= =TT ()7 (1°) €Ty = —pis(CyC) "7

= plys(v#) 140 (40.17)

=0 = PTy57090% = ¢y Oy5¢
p=1,23 = —¢iyiy%% = -y = Pyl

We can write
Ve y5te = Yy s (40.18)

e A tensor quantity, similarly the vector case, will transform changing sign
7 v v v\ T
Ve Y e = 1 CyAH A CYT = —4T(C0947C) T
= =TT ()" (") "7°CTy = 9T (Cy'yC) Ay

=pt(Cye)T (e C) A0 = =T ()T (77) 1400 (40.19)

p=v=0 = 9000 = —yy
pv #0 = —thTyigdy0yh = —yiqdy

We can write
VeV pe = =y Y (40.20)

A transformation under charge conjugation of the electromagnetic and Yang-Mills fields
is the direct consequence of the fact that these fields are generated by the charge of the
particles so, if we switch particles with antiparticles, the sign changes

CAHC = —A+ (40.21)
CFHC = —Fk (40.22)
Once we got that, from the bilinear covariants we can say that QCD and QED lagrangians

are invariant under a charge conjugation transformation, whereas the Fermi lagrangian is
not.



TIME REVERSAL T

41 Time reversal T

If we consider the Classical Mechanics, it’s possible to see how a generic system is invari-
ant applying the transformation ¢ — —t¢: the new system retraces all the configurations
backwards from which the original system passed. We can say that Classical Mechanics is
invariant under a time reversal 7 transformation.
Passing to Quantum Mechanics, things are more complicated. If we have a generic observ-
able at a time ¢t = 0 in the initial state i, we can study its time evolution in the final state
f using an operator. In order to see a time reversal transformation we have to use the
operator 7 such that

|Ap;t) =T |A; —t) (41.1)

The main consequence of this operation is that 7 is not a linear operator. Let’s consider
the time evolution of a wave function

|E;t) = e P! Bt = 0) (41.2)
If we apply the time reversal operator
|Ep;t) = e B Epit = 0) = T |e P Bt = 0>} =T[et'E;t = 0)] (41.3)

the sign of the exponential changes. We can solve this problem defining the operator 7 as
an antiunity operator; in this way we will have the exponential with the right sign.

An antiunity operator is an antilinear and unity operator, so if we take two states A, B,
they have to satisfy two conditions

T(a|A) +B[B)) =a"T |A) + 5T |B) (41.4)
(Br|Ar) = (A|B)" (41.5)
41.1 Determination of the operator

Once we defined the time reversal operator as an antiunity operator, we can determine it
as a function of gamma matrices. This operator acts on a field in the following way

(¢T)a = (T%//(X»t)Tf)a = aﬁw;;(xv *t) (416)
From this we get
Yr =Ty*
(41.7)
{% = (yp*)' T

The system has to come back to the original condition if we apply the operator another
time, so 72 = 1.

In order to determine the operator, let’s consider the Dirac equation

(i —m) =0 (41.8)
(moao +i1v0 — m)w =0 (41.9)

Doing the complex conjugate and taking 72 = 1, we get

(=i7°0° —iv*0 — m)TTy* =0 (41.10)
(=iy°0° —iv* 0 — m)Ter =0 (41.11)
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Multiplying on the left for 7T we will have
T (=i7°0° — iy"0 — m) Tor =0 (41.12)
If we want that equation 41.12 is equal to
(=i7°9° —iv*0 — m)pp = 0 (41.13)
the only possible solution, up to a sign, is
T =iv'y? (41.14)

We can see that the time reversal operator is a hermitian operator. Moreover, the trans-
formation with this operator leaves 7° invariant and changes sign of 4%, so we get the

condition

TA)'T = (THT)" = ghta* (41.15)
41.2 Bilinear covariant transformations

In conclusion, let’s see the bilinear covariants.

e A scalar quantity will transform without changing sign
drpr = ()T To = 9 (THT) "y = g (41.16)
e A pseudoscalar quantity will transform without changing sign
brystr = () TH09s Ty = o (T4 T) "y
= 1 (TAT) s = 170759 = Pys¢p (41.17)
e A vector quantity will transform like the Minkowski tensor without changing sign
brtor = () TAO Ty = of (TH24T) "
= IO (TART) o = gtapytap (41.18)

e A pseudovector quantity will transform like the Minkowski tensor without changing

sign
by str = () Tty T = oF (TH 9" T)
=PI (TAT) vs1p = "y v51) (41.19)

e A tensor quantity, similarly the vector case, will transform like the Minkowski
tensor changing sign

Py e = ) T Ty = T (T4 T)
= Wi (THT T T) " = 6(TA T (TH*T) 0

= g gy = — g g Ry e (41.20)
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